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Abstract 

The quantum gauge general relativity is proposed in the framework of 
quantum gauge theory of gravity. It is formulated based on gauge principle 
which states that the correct symmetry for gravitational interactions should 
be gravitational gauge symmetry. The gravitational gauge group is studied in 
the paper. Then gravitational gauge interactions of pure gravitational gauge 
field is studied. It is found that the field equation of gravitational gauge field 
is just the Einstein's field equation. After that, the gravitational interactions 
of scalar field, Dirac field and vector fields are studied, and unifications of fun- 
damental interactions are discussed. Path integral quantization of the theory 
is studied in the paper. The quantum gauge general relativity discussed in this 
paper is a perturbatively renormalizable quantum gravity, which is one of the 
most important advantage of the quantum gauge general relativity proposed 
in this paper. A strict proof on the renormalizability of the theory is also given 
in this paper. Another important advantage of the quantum gauge general 
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relativity is that it can explain both classical tests of gravity and quantum 
effects of gravitational interactions, such as gravitational phase effects found 
in COW experiments and gravitational shielding effects found in Podklet- 
nov experiments. For all classical effects of gravitational interactions, such 
as classical tests of gravity and cosmological model, quantum gauge general 
relativity gives out the same theoretical predictions as that of the Einstein's 
general relaitvity. 
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1 Introduction 



In 1686, Isaac Newton published his book MATHEMATICAL PRINCIPLES OF 
NATURAL PHILOSOPHY. In this book, through studying the motion of planet in 
solar system, he found that gravity obeys the inverse square law and the magnitude 
of gravity is proportional to the mass of the object [1]. The Newton's classical theory 
of gravity is kept unchanged until 1916. At that year, Einstein proposed General 
Relativity [2, 3]. In this great work, he founded a relativistic theory on gravity, which 
is based on principle of general relativity and equivalence principle. Newton's clas- 
sical theory of gravity appears as a classical limit of general relativity. 

One of the biggest revolution in human kind in the last century is the foundation 
of quantum theory. The quantum hypothesis was first introduced into physics by 
Max Plank in 1900. In 1916, Albert Einstein points out that quantum effects must 
lead to modifications in the theory of general relativity [4]. Soon after the founda- 
tion of quantum mechanics, physicists try to found a theory that could describe the 
quantum behavior of the full gravitational field. In the 70 years attempts, physi- 
cists have found two theories based on quantum mechanics that attempt to unify 
general relativity and quantum mechanics, one is canonical quantum gravity and an- 
other is superstring theory. But for quantum field theory, there are different kinds 
of mathematical infinities that naturally occur in quantum descriptions of fields. 
These infinities should be removed by the technique of perturbative renormaliza- 
tion. However, the perturbative renormalization does not work for the quantization 
of Einstein's theory of gravity, especially in canonical quantum gravity. In super- 
string theory, in order to make perturbative renormalization to work, physicists have 
to introduce six extra dimensions. But up to now, none of the extra dimensions have 
been observed. To found a consistent theory that can unify general relativity and 
quantum mechanics is a long dream for physicists. 

The "relativity revolution" and the "quantum revolution" are among the greatest 
successes of twentieth century physics, yet two theories appears to be fundamentally 
incompatible. General relativity remains a purely classical theory which describes 
the geometry of space and time as smooth and continuous, on the contrary, quan- 
tum mechanics divides everything into discrete quanta. The underlying theoretical 
incompatibility between two theories arises from the way that they treat the geom- 
etry of space and time. This situation makes some physicists still wonder whether 
quantum theory is a truly fundamental theory of Nature, or just a convenient de- 
scription of some aspects of the microscopic world. Some physicists even consider 
the twentieth century as the century of the incomplete revolution. To set up a con- 
sistent quantum theory of gravity is considered to be the last challenge of quantum 
theory[5, 6]. In other words, combining general relativity with quantum mechanics 
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is considered to be the last hurdle to be overcome in the "quantum revolution". 

In 1921, H.Weyl introduced the concept of gauge transformation into physics[7, 
8], which is one of the most important concepts in modern physics, though his 
original theory is not successful. Later, V.Fock, H.Weyl and W.Pauli found that 
quantum electrodynamics is a gauge invariant theory [9, 10, 11]. In 1954, Yang and 
Mills proposed non-Abelian gauge field theory [12]. This theory was soon applied 
to elementary particle physics. Unified electroweak theory[13, 14, 15] and quantum 
chromodynamics are all based on gauge field theory. The predictions of unified 
electroweak theory have been confirmed in a large number of experiments, and the 
intermediate gauge bosons W ± and Z° which are predicted by unified electroweak 
model are also found in experiments. The U(l) part of the unified electroweak 
model, quantum electrodynamics, now become one of the most accurate and best- 
tested theories of modern physics. All these achievements of gauge field theories 
suggest that gauge field theory is a fundamental theory that describes fundamental 
interactions in Nature. Now, it is generally believed that four kinds of fundamental 
interactions in Nature are all gauge interactions and they can be described by gauge 
field theory. From theoretical point of view, the principle of local gauge invariance 
plays a fundamental role in particle's interaction theory. 

Gauge treatment of gravity was suggested immediately after the gauge theory 
birth itself [16, 17, 18, 19, 20, 21]. In the traditional gauge treatment of gravity, 
Lorentz group is localized, and the gravitational field is not represented by gauge 
potential. It is represented by metric field. The theory has beautiful mathemati- 
cal forms, but up to now, its renormalizability is not proved. In other words, it is 
conventionally considered to be non-renormalizable. There are also some other at- 
tempts to use Yang-Mills theory to reformulate quantum gravity[22, 23, 24, 25, 26]. 
In these new approaches, the importance of gauge fields is emphasized. Some physi- 
cists also try to use gauge potential to represent gravitational field, some suggest 
that we should pay more attention on translation group. 

I will not talk too much on the history of quantum gravity and the incompati- 
bilities between quantum mechanics and general relativity here. Materials on these 
subject can be widely found in literatures. Now we want to ask that, except for tra- 
ditional canonical quantum gravity and superstring theory, whether exists another 
approach to set up a fundamental theory, in which general relativity and quantum 
mechanics are compatible? In this paper, a new approach is proposed to consistently 
unify general relativity and quantum mechanics. 

In 1991, a completely new formulation of quantum gauge theory of gravity is 
proposed By N.Wu [27, 28, 29, 30]. In this new attempt, the gravitational interac- 
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tions are treated as a kind of fundamental interactions in flat Minkowski space-time, 
not space-time geometry. So, in quantum gauge theory of gravity, the basic physi- 
cal space-time is always flat. In this new approach, the unification of fundamental 
interactions can be formulated in a simple and beautiful way[31, 32, 33]. If we use 
the mass generation mechanism which is proposed in literature [34] , we can propose 
a new theory on gravity which contains massive graviton and the introduction of 
massive graviton does not affect the strict local gravitational gauge symmetry of the 
Lagrangian and does not affect the traditional long-range gravitational force [35]. 
The existence of massive graviton will help us to understand the possible origin of 
dark energy and dark matter in the Universe. Quantum gauge theory of gravity can 
be used to explain quantum effects of gravitational interactions, such as gravita- 
tional phase effects in COW experiments [36, 37, 38], and the gravitational shielding 
effects in Podkletnov experiments [39, 40, 41, 42]. 

In this paper, the quantum gauge general relativity is studied in the frame work 
of quantum gauge theory of gravity. In all previous work of quantum gauge theory of 
gravity, a very simple Lagrangian for pure gravitational gauge field is selected, which 
is quite similar to that of ordinary SU (N) gauge field. As is discussed in literature 
[30] , the selection of the Lagrangian for pure gravitational gauge field is not unique, 
which is quite a special case in gauge field theory, which originates from the fact 
that many gravitational gauge invariant terms can be constructed from Minkowski 
metric, pure gravitational gauge field and the field strength of gravitational gauge 
field. Different selections of the Lagrangian for pure gravitational gauge field will 
result in different models of quantum gravity. In this paper, another selection of the 
Lagrangian for pure gravitational gauge field is adopted, that is, the scalar "curva- 
ture" R is selected to be the Lagrangian for pure gravitational gauge field. In this 
new quantum gauge model of gravity, one of the most interesting thing is that the 
field equation of the gravitational gauge field is just the Einstein's field equation. 
So, this model is called quantum gauge general relativity. In this paper, we try to 
give a systematic formulation of the quantum gauge general relativity. So, for the 
sake of integrity, we will repeat all important discussions in quantum gauge theory 
of gravity, so that those readers who are not familiar with quantum gauge theory of 
gravity can understand the whole paper without the help of other related literature. 
Some discussions are just copied from literature [30]. The difference between the 
model proposed in this paper and the model proposed in literature [30] is only that 
they have different Lagrangian for pure gravitational gauge field, and therefore that 
the dynamics for gravitational gauge field is different. 
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2 The Transcendental Foundations 



It is known that action principle is one of the most important fundamental principle 
in quantum field theory. Action principle says that any quantum system is described 
by an action. The action of the system contains all interaction information, contains 
all information of the fundamental dynamics. The least of the action gives out the 
classical equation of motion of a field. Action principle is widely used in quantum 
field theory. We will accept it as one of the most fundamental principles in this 
new quantum gauge general relativity. The rationality of action principle will not 
be discussed here, but it is well know that the rationality of the action principle has 
already been tested by a huge amount of experiments. However, this principle is not 
a special principle for quantum gravity, it is a ubiquitous principle in quantum field 
theory. Quantum gravity discussed in this paper is a kind of quantum field theory, 
it's naturally to accept action principle as one of its fundamental principles. 

We need a special transcendental principle to introduce quantum gravitational 
field, which should be the foundation of all kinds of fundamental interactions in Na- 
ture. This special principle is gauge principle. In order to introduce this important 
principle, let's first study some fundamental laws in the fundamental interactions 
other than gravitational interactions. We know that, except for gravitational inter- 
actions, there are strong interactions, electromagnetic interactions and weak interac- 
tions, which are described by quantum chromodynamics, quantum electrodynamics 
and unified electroweak theory respectively. Let's study these three fundamental 
interactions one by one. 

Quantum electrodynamics (QED) is one of the most successful theory in physics 
which has been tested by most accurate experiments. Let's study some logic in QED. 
It is know that QED theory has U(l) gauge symmetry. According to Noether's 
theorem, there is a conserved charge corresponding to the global U(l) gauge trans- 
formations. This conserved charge is just the ordinary electric charge. On the other 
hand, in order to keep local U(l) gauge symmetry of the system, we had to introduce 
a U(l) gauge field, which transmits electromagnetic interactions. This £7(1) gauge 
field is just the well- know electromagnetic field. The electromagnetic interactions 
between charged particles and the dynamics of electromagnetic field are completely 
determined by the requirement of local U(l) gauge symmetry. The source of this 
electromagnetic field is just the conserved charge which is given by Noether's theo- 
rem. After quantization of the field, this conserved charge becomes the generator of 
the quantum U(l) gauge transformations. The quantum U(l) gauge transformation 
has only one generator, it has no generator other than the quantum electric charge. 

Quantum chromodynamics (QCD) is a prospective fundamental theory for strong 
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interactions. QCD theory has SU (3) gauge symmetry. The global SU (3) gauge sym- 
metry of the system gives out conserved charges of the theory, which are usually 
called color charges. The local SU (3) gauge symmetry of the system requires intro- 
duction of a set of 577(3) non-Abelian gauge fields, and the dynamics of non-Abelian 
gauge fields and the strong interactions between color charged particles and gauge 
fields are completely determined by the requirement of local SU (3) gauge symmetry 
of the system. These SU (3) non-Abelian gauge fields are usually call gluon fields. 
The sources of gluon fields are color charges. After quantization, these color charges 
become generators of quantum SU(3) gauge transformation. Something which is 
different from U(l) Abelian gauge symmetry is that gauge fields themselves carry 
color charges. 

Unified electroweak model is the fundamental theory for electroweak interac- 
tions. Unified electroweak model is usually called the standard model. It has 
SU(2)l x U(l)y symmetry. The global SU(2)l x U(1)y gauge symmetry of the 
system also gives out conserved charges of the system, The requirement of local 
SU{2) L x U(1)y gauge symmetry needs introducing a set of SU{2) non-Abelian 
gauge fields and one U(l) Abelian gauge field. These gauge fields transmit weak in- 
teractions and electromagnetic interactions, which correspond to intermediate gauge 
bosons W ± , Z° and photon. The sources of these gauge fields are just the conserved 
Noether charges. After quantization, these conserved charges become generators of 
quantum SU(2) L x U(1)y gauge transformation. 

QED, QCD and the standard model are three fundamental theories for three 
kinds of fundamental interactions. Now we need to summarize some fundamental 
laws of Nature on interactions. Let's first ruminate over above discussions. Then we 
will find that our formulations on three different fundamental interaction theories 
are almost completely the same, that is the global gauge symmetry of the system 
gives out conserved Noether charges, in order to keep local gauge symmetry of the 
system, we have to introduce gauge field or a set of gauge fields, these gauge fields 
transmit interactions, the source of these gauge fields are the conserved charges, and 
these conserved Noether charges become generators of quantum gauge transforma- 
tions after quantization. These will be the main content of gauge principle. 

Before we formulate gauge principle formally, we need to study something more 
on symmetry. It is know that not all symmetries can be localized, and not all sym- 
metries can be regarded as gauge symmetries and have corresponding gauge fields. 
For example, time reversal symmetry, space reflection symmetry, • • • are those kinds 
of symmetries. We can not find any gauge fields or interactions which correspond 
to these symmetries. It suggests that symmetries can be divided into two different 
classes in nature. Gauge symmetry is a special kind of symmetry which has the fol- 
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lowing properties: 1) it can be localized; 2) it has some conserved charges related to 
it; 3) it has a kind of interactions related to it; 4) it is usually a continuous symme- 
try. This symmetry can completely determine the dynamical behavior of a kind of 
fundamental interactions. For the sake of simplicity, we call this kind of symmetry 
dynamical symmetry or gauge symmetry. Any kind of fundamental interactions has 
a gauge symmetry corresponding to it. In QED, the U(l) symmetry is a gauge sym- 
metry, in QCD, the color SU (3) symmetry is a gauge symmetry and in the standard 
model, the SU(2) L x U(l)y symmetry is also a gauge symmetry. The gravitational 
gauge symmetry which we will discuss below is also a kind of gauge symmetry. The 
time reversal symmetry and space reflection symmetry are not gauge symmetries. 
Those global symmetries which can not be localized are not gauge symmetries ei- 
ther. Gauge symmetry is a fundamental concept for gauge principle. 

Gauge principle can be formulated as follows: Any kind of fundamental inter- 
actions has a gauge symmetry corresponding to it; the gauge symmetry completely 
determines the forms of interactions. In principle, the gauge principle has the fol- 
lowing four different contents: 

1. Conservation Law: the global gauge symmetry gives out conserved current 
and conserved charge; 

2. Interactions: the requirement of the local gauge symmetry requires intro- 
duction of gauge field or a set of gauge fields; the interactions between gauge 
fields and matter fields are completely determined by the requirement of local 
gauge symmetry; these gauge fields transmit the corresponding interactions; 

3. Source: qualitative speaking, the conserved charge given by global gauge 
symmetry is the source of gauge field; for non-Abel gauge field, gauge field is 
also the source of itself; 

4. Quantum Transformation: the conserved charges given by global gauge 
symmetry become generators of quantum gauge transformation after quanti- 
zation, and for this kind of interactions, the quantum transformation can not 
have generators other than quantum conserved charges given by global gauge 
symmetry. 

It is known that conservation law is the objective origin of gauge symmetry, so 
gauge symmetry is the exterior exhibition of the interior conservation law. The 
conservation law is the law that exists in fundamental interactions, so fundamen- 
tal interactions are the logic precondition and foundation of the conservation law. 
Gauge principle tells us how to study conservation law and fundamental interactions 
through symmetry. Gauge principle is one of the most important transcendental fun- 
damental principles for all kinds of fundamental interactions in Nature; it reveals 
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the common nature of all kinds of fundamental interactions in Nature. It is also the 
transcendental foundation of the quantum gravity which is formulated in this paper. 
It will help us to select the gauge symmetry for quantum gravitational theory and 
help us to determine the Lagrangian of the system. In a meaning, we can say that 
without gauge principle, we can not set up this new renormalizable quantum gauge 
general relativity. 

Another transcendental principle that widely used in quantum field theory is the 
microscopic causality principle. The central idea of the causality principle is that 
any changes in the objective world have their causation. Quantum field theory is 
a relativistic theory. It is known that, in the special theory of relativity, the limit 
spread speed is the speed of light. It means that, in a definite reference system, the 
limit spread speed of the causation of some changes is the speed of light. Therefore, 
the special theory of relativity exclude the possibility of the existence of any kinds 
of non-local interactions in a fundamental theory. Quantum field theory inherits 
this basic idea and calls it the microscopic causality principle. There are several 
expressions of the microscopic causality principle in quantum field theory. One 
expression says that two events which happen at the same time but in different space 
position are two independent events. The mathematical formulation for microscopic 
causality principle is that 

, O 2 (y,t)] = 0, (2.1) 

when x^y . In the above relation, Oi(x,t) and O 2 (y,0 are two different arbitrary 
local bosonic operators. Another important expression of the microscopic causality 
principle is that, in the Lagrangian of a fundamental theory, all operators appear 
in the same point of space-time. Gravitational interactions are a kind of physical 
interactions, the fundamental theory of gravity should also obey microscopic causal- 
ity principle. This requirement is realized in the construction of the Lagrangian for 
gravity. We will require that all field operators in the Lagrangian should be at the 
same point of space-time. 

Because quantum field theory is a kind of relativistic theory, it should obey 
some fundamental principles of the special theory of relativity, such as principle of 
special relativity and principle of invariance of light speed. These two principles con- 
ventionally exhibit themselves through Lorentz invariance. So, in constructing the 
Lagrangian of the quantum theory of gravity, we require that it should have global 
Lorentz invariance. This is also a transcendental requirement for the quantum the- 
ory of gravity. But what we treat here that is different from that of the traditional 
quantum gravity is that we do not localize Lorentz transformation. Because gauge 
principle forbids us to localize Lorentz transformation, asks us only to localize grav- 
itational gauge transformation. We will discuss this topic in details later. However, 
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it is important to remember that global Lorentz invariance of the Lagrangian is a 
fundamental requirement. The requirement of global Lorentz invariance can also be 
treated as a transcendental principle of the quantum theory of gravity. 

It is widely known that the priori foundations of general relativity is the equiv- 
alence principle and the principle of general covariance[2, 3, 43, 44]. In the classical 
general relativity it was generally believed that the fundamental laws of nature 
should be invariant or covariant under a general transformation of reference frame. 
In general relativity, the equivalence principle tells us the existence of a local inertial 
reference frame and the fundamental laws in the local inertial reference frame which 
are the same as those in inertial reference system. Then, after a general transforma- 
tion of reference frame, the fundamental laws of nature in arbitrary reference frame 
or in arbitrary curved space-time can be obtained. However, this point of view is 
criticized in the literature [45]. In literature [45], it is argued that almost all basic 
physical equations of nature are not invariant or covariant under the most general 
transformations of reference frame. In other words, almost all basic physical equa- 
tions in general relativity will change their forms under the transformation from the 
local inertial reference frame to a curved space-time. So, if we deduce basic physical 
equations from a local inertial reference frame by a transformation of reference frame 
as dictated by equivalence principle and the principle of general covariance, what 
we obtained are different from those in general relativity. Therefore, the equivalence 
principle and the principle of general covariance are not real priori foundations of 
general relativity. So, the new renormalizable quantum gauge general relativity will 
not be constructed based on these two principles. We will find that gauge principle 
is enough for us to set up a self-consistent quantum gauge general relativity. 

Though we will not use the logic of classical general relativity in the formulation 
of quantum gauge general relativity, we should not forget the principle of general 
covariance. It should be stated that, in the new quantum gauge theory of gravity, 
the principle of general covariance appears in another way, that is, it realized itself 
through local gravitational gauge symmetry. From mathematical point of view, the 
local gravitational gauge invariance is just the general covariance in general relativ- 
ity. In this case, the general transformation in the principle of general covariance can 
not be as big as in classical general relativity, for it can not be the most general trans- 
formation of reference frame, can only be the first kind of general transformation 
of reference frame[45]. In other words, the symmetry for gravitational interactions 
is much smaller than that in general relativity. In the new quantum gauge general 
relativity, the equivalence principle plays no role. In other words, we will not accept 
the equivalence principle as a transcendental principle of the new quantum gauge 
general relativity, for gauge principle is enough for us to construct quantum gauge 
general relativity. In fact, there are some essential difficulties in using the equiva- 
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lence principle as a transcendental principle in quantum gauge general relativity. It 
is known that, in quantum field theory, both inertial mass and gravitational mass 
are not fundamental quantities. In quantum field theory, mass is a paranotion from 
conservative energy-momentum tensor. In other words, mass is not a transcendental 
concepts in quantum field theory. So, it can not be a constituent of a transcendental 
principle, for all constituents of a transcendental principle should be transcendental. 
On the other hand, inertial energy momentum tensor and the gravitational energy- 
momentum tensor have different origins, if gravity is considered, they are essentially 
different. It is generally believed that the transcendental principles should reveal 
the most deepest essentially relationship of objective laws of nature, not only a su- 
perficial quantitative relationship of some quantities. And in a meaning, equivalence 
principle has a meaning of quantitative relation of two physical quantities, so it is 
not suitable to be a transcendental principle of a fundamental theory. In all, in 
quantum gauge general relativity, the equivalence principle has no position. 



3 Gravitational Gauge Group 

Before we start our mathematical formulation of quantum gauge general relativity, 
we have to determine which group is the symmetry of gravitational interactions, 
which is the starting point of the whole theory. It is know that, in the traditional 
gauge theory of gravity, Lorentz group is localized. We will not follow this way, for 
it contradicts with gauge principle. Now, we use gauge principle to determine which 
group is the exact group for quantum gauge general relativity. 

Some of the most important properties of gravity can be obtained by studying 
classical Newton's gravity. In the classical Newton's theory of gravity, the gravita- 
tional force between two point objects is given by: 

/ = G^ (3.1) 

with mi and m 2 masses of two objects, r the distance between two objects. So, grav- 
ity is proportional to the masses of both objects, in other words, mass is the source 
of gravitational field. In general relativity, the Einstein's field equation is the equa- 
tion which gives out the relation between energy-momentum tensor and space-time 
curvature, which is essentially the relation between energy-momentum tensor and 
gravitational field. In the Einstein's field equation, energy-momentum is treated 
as the source of gravity. This points of view is inherited in the quantum gauge 
general relativity. In other words, the starting point of the new quantum gauge 
general relativity is that the energy-momentum is the source of gravitational field. 
According to rule 3 and rule 1 of gauge principle, we know that, energy- momentum 
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should be the conserved charges of the corresponding global symmetry, which is just 
the symmetry for gravity. According to quantum field theory, energy-momentum is 
the conserved charge of global space-time translation, the corresponding conserved 
current is energy-momentum tensor. Therefore, the global space-time translation is 
the global gravitational gauge transformation. According to rule 4, we know that, 
after quantization, the energy-momentum operator becomes the generator of grav- 
itational gauge transformation. It also states that, except for energy-momentum 
operator, there is no other generator for gravitational gauge transformation, such 
as, angular momentum operator can not be the generator of gravitational gauge 
transformation. This is the reason why we do not localize Lorentz transformation 
in the quantum gauge general relativity, for the generator of Lorentz transforma- 
tion is not energy-momentum operator. According to rule 2 of gauge principle, the 
gravitational interactions will be completely determined by the requirement of the 
local gravitational gauge symmetry. These are the basic ideas of the new quantum 
gauge general relativity, and they are completely deductions of gauge principle. 

We know that the generator of Lorentz group is angular momentum operator 
M^ u . If we localize Lorentz group, according to gauge principle, angular momen- 
tum will become source of a new filed, which transmits direct spin interactions. 
This kind of interactions does not belong to traditional Newton-Einstein gravity. 
It is a new kind of interactions. Up to now, we do not know whether this kind 
of interactions exists in Nature or not. Besides, spin-spin interaction is a kind of 
non-renormalizable interaction. In other words, a quantum theory which contains 
spin-spin interaction is a non-renormalizable quantum theory. For these reasons, we 
will not localize Lorentz group in this paper. We only localize translation group in 
this paper. We will find that go along this way, we can set up a consistent quan- 
tum gauge general relativity which is perturbatively renormalizable. In other words, 
only localizing space-time translation group is enough for us to set up a consistent 
quantum gravity. 

From above discussions, we know that, from mathematical point of view, gravita- 
tional gauge transformation is the inverse transformation of space-time translation, 
and gravitational gauge group is space-time translation group. Suppose that there 
is an arbitrary function <f>(x) of space-time coordinates x^. The global space-time 
translation is: 

x » _> x <» = x » + e". (3.2) 
The corresponding transformation for function (f>(x) is 

(f)(x) ->0V) = 00*0 = 0(z'-e). (3.3) 
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According to Taylor series expansion, we have: 

<K* ~ e) = (l + jt ^T eW • • • ^ • • • <f>(x), (3-4) 

where 



Let's define a special exponential operation here. Define 

Ef*» = l + J2 • • • • ^ • • • *W (3-6) 



This definition is quite different from that of ordinary exponential function. In 
general cases, operators a M and do not commutate each other, so 

E a "' bt " E b ^ a \ (3.7) 

E*- h » ± (3.8) 
where e aM ' 6fl is the ordinary exponential function whose definition is 



oo j 

1 + E^( oMl -^)---K,-^J- (3-9) 



n=l 



If operators a M and 6 M commutate each other, we will have 

E a ^ b » = E b »- a \ (3.10) 

E atl - b » = e""' 6 ". (3.11) 
The translation operator C/ e can be defined by 



n=l 

Then we have 



^ = 1 + E ^T-^ 1 • • • e ^ • • • ^- (3-12) 



4>{x-e) = (U e (f)(x)). (3.13) 

In order to have a good form which is similar to ordinary gauge transformation 
operators, the form of U e can also be written as 

U e = E~ iefl - p », (3.14) 
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where 

A = -i-^-. (3.15) 

^ dx» y ' 

P M is just the energy-momentum operator in space-time coordinate space. In the 
definition of U e given by eq.(3.14), e M can be independent of space-time coordinate 
or a function of space-time coordinate, in a ward, it can be an arbitrary function of 
space time coordinate x M . 

Some operation properties of the translation operator U e are summarized below. 

1. Operator U e translate the space-time point of a field from x to x — e, 

(f>(x-e) = (U £ <f>(x)), (3.16) 

where e M can be any function of space-time coordinate. This relation can also 
be regarded as the definition of the translation operator U t . 

2. If e is a function of space-time coordinate, that is d^e" ^ 0, then 

U e = E~ le "- p » ± E~ ip ^\ (3.17) 

and 

U e = E~ le ^ ^ e~ le "- p r (3.18) 
If e is a constant, that is d^e" = 0, then 

U e = E~ le "- p » = E~ lp ^\ (3.19) 

and 

U e = E~^- p » = e~ ie ^. (3.20) 

3. Suppose that <f>i(x) and <f>2(x) are two arbitrary functions of space-time coor- 
dinate, then we have 

4. Suppose that and are two arbitrary operators in Hilbert space, A is an 
arbitrary ordinary c- number which is commutate with operators and B^, 
then we have 

—E XM ' B ^ = A" ■ E XA "- B - ■ Bp. (3.22) 
dA 

5. Suppose that e is an arbitrary function of space-time coordinate, then 

(d&) = -i{d^)U e P v . (3-23) 
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6. Suppose that and are two arbitrary operators in Hilbert space, then 

tr{E A "- B »E~ B ^) = trl, (3.24) 
where tr is the trace operation and I is the unit operator in the Hilbert space. 

7. Suppose that A p , and C M are three operators in Hilbert space, but operators 
A^ and C commutate each other: 

[A" , C v \ = 0, (3.25) 

then 

tr{E A ^E B ^) = tr{E^ +c "> B »). (3.26) 

8. Suppose that A p , B^ and C M are three operators in Hilbert space, they satisfy 

W , C v \ = 0, 

[B, , C v \ = 0, V M > 

then 

9. Suppose that A p , B^ and C M are three operators in Hilbert space, they satisfy 

[A* , C v \ = 0, 

[[B, , C] , A p ] = 0, (3.29) 

[[B, , C v \ , C»] = 0, 

then, 

E A».B» E C»-B„= E (A* + Cn-B» + { E A».B» ^ C^Er^" B a . (3.30) 

10. Suppose that U €l and U €2 are two arbitrary translation operators, define 

U e3 = U e2 -U ei , (3.31) 

then, 

= e%(x) + 6>t(x- 6 2 (x)). (3.32) 

This property means that the product of two translation operator satisfy clo- 
sure property, which is one of the conditions that any group must satisfy. 
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11. Suppose that U e is a non-singular translation operator, then 

(j- 1 = E^M X » P », (3.33) 
where f(x) is defined by the following relations: 

f(x-e(x))=x. (3.34) 
\J~ X is the inverse operator of U € , so 

U~ X U € = Uell; 1 = 1, (3.35) 
where 1 is the unit element of the gravitational gauge group. 

12. The product operation of translation also satisfies associative law. Suppose 
that U ei , U e2 and U €3 are three arbitrary translation operators, then 

U ea -(U e2 -U ei ) = (U e3 -U ea )-U ei . (3.36) 

13. Suppose that U € is an arbitrary translation operator and <f>(x) is an arbitrary 
function of space-time coordinate, then 

U € <j>{x)U- x = 4>{x - e{xj). (3.37) 

This relation is quite useful in the discussions of gravitational gauge symmetry. 

14. Suppose that U e is an arbitrary translation operator. Define 

dx a 

V = (3-39) 

They satisfy 

K^\ = K, (3-40) 
A„ a A" a = ^. (3-41) 
Then we have following relations: 

UzPJj; 1 = ^ a Pp, (3.42) 

U e dx a U~ 1 = A p a dx p , (3.43) 

which give out the the transformation laws of P a and dx a under local gravi- 
tational gauge transformations. 
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Gravitational gauge group (GGG) is a transformation group which consists of 
all non-singular translation operators U e . We can easily see that gravitational gauge 
group is indeed a group, for 

1. the product of two arbitrary non-singular translation operators is also a non- 
singular translation operator, which is also an element of the gravitational 
gauge group. So, the product of the group satisfies closure property which is 
expressed in eq(3.31); 

2. the product of the gravitational gauge group also satisfies the associative law 
which is expressed in eq(3.36); 

3. the gravitational gauge group has its unit element 1, which satisfies 

l-U e = U e -l = U e ; (3.44) 

4. every non-singular element U t has its inverse element which is given by eqs(3.33) 
and (3.35). 

According to gauge principle, the gravitational gauge group is the symmetry of grav- 
itational interactions. The global invariance of gravitational gauge transformation 
will give out conserved charges which is just the ordinary inertial energy-momentum; 
the requirement of local gravitational gauge invariance needs introducing gravita- 
tional gauge field, and gravitational interactions are completely determined by the 
local gravitational gauge invariance. 



The generators of gravitational gauge group is just the energy-momentum oper- 
ators P a . This is required by gauge principle. It can also be seen from the form of 
infinitesimal transformations. Suppose that e is an infinitesimal quantity, then we 
have 

U e ~ 1 - ie a P a . (3.45) 

Therefore, 

U (3-46) 



gives out generators P a of gravitational gauge group. It is known that generators of 
gravitational gauge group commute each other 

[P a , Pp] = 0. (3.47) 

However, the commutation property of generators does not mean that gravitational 
gauge group is an Abelian group, because two general elements of gravitational 
gauge group do not commute: 

[Ue, , t>e 2 ]^0. (3.48) 
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Gravitational gauge group is a kind of non-Abelian gauge group. The non-Able na- 
ture of gravitational gauge group will cause self-interactions of gravitational gauge 
field. 



In order to avoid confusion, we need to pay some attention to some differences 
between two concepts: space-time translation group and gravitational gauge group. 
Generally speaking, space-time translation is a kind of coordinates transformation, 
that is, the objects or fields in space-time are fixed while the space-time coordinates 
that describe the motion of objective matter undergo transformation. But gravita- 
tional gauge transformation is a kind of system transformation rather than a kind 
of coordinates transformation. In system transformation, the space-time coordinate 
system is fixed while objects or fields undergo transformation. From mathematical 
point of view, space-time translation and gravitational gauge transformation are es- 
sentially the same, and the space-time translation is the inverse transformation of 
the gravitational gauge transformation; but from physical point of view, space-time 
translation and gravitational gauge transformation are quite different, especially 
when we discuss gravitational gauge transformation of gravitational gauge field. For 
gravitational gauge field, its gravitational gauge transformation is not the inverse 
transformation of its space-time translation. In a meaning, space-time translation 
is a kind of mathematical transformation, which contains little dynamical informa- 
tion of interactions; while gravitational gauge transformation is a kind of physical 
transformation, which contains all dynamical information of interactions and is con- 
venient for us to study physical interactions. Through gravitational gauge symmetry, 
we can determine the whole gravitational interactions among various kinds of fields. 
This is the reason why we do not call gravitational gauge transformation space-time 
translation. This is important for all of our discussions on gravitational gauge trans- 
formations of various kinds of fields. 

Suppose that <f>(x) is an arbitrary scalar field. Its gravitational gauge transfor- 
mation is 



Similar to ordinary SU(N) non-Abelian gauge field theory, there are two kinds of 
scalars. For example, in chiral perturbative theory, the ordinary it mesons are scalar 
fields, but they are vector fields in isospin space. Similar case exists in gravitational 
gauge field theory. A Lorentz scalar can be a scalar or a vector or a tensor in the 
space of gravitational gauge group. For the sake of simplicity, we call this space 
gravitational gauge space or gravitational gauge Lie algebra. If <f>(x) is a scalar 
in the gravitational gauge space, we just simply denote it as <f>(x) in gauge group 
space. If it is a vector in the gravitational gauge space, it can be expanded in the 




(3.49) 
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gravitational gauge space in the following way: 

<j>(x) = ■ Pa- (3-50) 

The transformation of component field is 

<P a {x) -> <P' a (x) = A a /3 U e <iJ > (x)U- 1 . (3.51) 

The important thing that we must remember is that, the a index is not a Lorentz 
index, it is just a group index. For gravitation gauge group, it is quite special that 
a group index looks like a Lorentz index. We must be carefully on this important 
thing. This will cause some fundamental changes on quantum gravity. Lorentz 
scalar 0(x) can also be a tensor in gauge group space, suppose that it is a nth order 
tensor in gauge group space, then it can be expanded as 

<l>(x) = <l> ai "- an (x)-P« 1 ---Pa n - (3-52) 
The transformation of component field is 

<f) ai - a "(x) -> (f/ ai "- an (x) = K a \ ■ ■ • h a \ U € ^P l '" Pn (x) U' 1 . (3.53) 



If 4>(x) is a spinor field, the above discussion is also valid. That is, a spinor can 
also be a scalar or a vector or a tensor in the space of gravitational gauge group. 
The gravitational gauge transformations of the component fields are also given by 
eqs. (3.49-3.53). There is no transformations in spinor space, which is different from 
the Lorentz transformation of a spinor. 

Suppose that A^{x) is an arbitrary vector field. Here, the index fi is a Lorentz 
index. Its gravitational gauge transformation is: 

A,(x) ^ A'^x) = (U e A,(x)). (3.54) 

Please remember that there is no rotation in the space of Lorentz index //, while in 
the general coordinates transformations in general relativity, there is rotation in the 
space of Lorentz index \i. The reason is that gravitational gauge transformation is 
a kind of system transformation, while in general relativity, the general coordinates 
transformation is a kind of coordinates transformation. If A^ix) is a scalar in the 
gravitational gauge space, eq(3.54) is all for its gauge transformation. If A^(x) is a 
vector in the gravitational gauge space, it can be expanded as: 

A^x) = A a (x) ■ P a . (3.55) 
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The transformation of component field is 

A«(x) - A>«(x) = A%U e A/{x)U;\ (3.56) 

If Ap(x) is a nth order tensor in the gravitational gauge space, then 

A fM (x) = A^- a -(x)-P ai ---P an . (3.57) 

The transformation of component fields is 

^A'^(x) ^K% i ---K%U t A^{x)U:\ (3.58) 

Therefore, under gravitational gauge transformations, the behavior of a group in- 
dex is quite different from that of a Lorentz index. However, they have the same 
behavior in global Lorentz transformations. 

Generally speaking, suppose that T^,['Z(x) is an arbitrary tensor, its gravita- 
tional gauge transformations are: 

- Z^ix) = (t/ e T^(x)). (3.59) 

If it is a pth order tensor in group space, then 

T^ix) = y^:r"'-""(.r) • P ai ■ ■ -P ap . (3.60) 
The transformation of component fields is 

T^:Z' n (x) - T^:z^-- ap {x) = A a \ ■ ■■h a \u^:Z'^{x)u: 1 . (s.ei) 



r]^ is a second order Lorentz tensor, but it is a scalar in gravitational gauge 
space. It is the metric of the coordinate space. A Lorentz index can be raised or 
descended by this metric tensor. In a Minkowski space-time, it is selected to be: 








= -1, 


77 1 


1 


= 1, 


v 2 


2 


= 1, 


v 3 


3 


= 1, 



(3.62) 



and other components of rf lv vanish. r]^ v is the traditional Minkowski metric. 
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4 Two Pictures of Gravity 



As we have mentioned above, quantum gauge general relativity is logically indepen- 
dent of traditional quantum gravity. It is know that, there are at least two pictures 
of gravity. In one picture, gravity is treated as space-time geometry. In this picture, 
space-time is curved and there is no physical gravitational interactions, for all ef- 
fects of gravity are represented by space-time metric. In another picture, gravity is 
treated as a kind of fundamental interactions. In this picture, space-time is always 
flat and space-time metric is always selected to be the Minkowski metric. For the 
sake of simplicity, we call the first picture gemeotry picture of gravity and the second 
picture physics picture of gravity. 

The concepts of "physics picture of gravity" and "geometrical picture of gravity" 
are key important to understand the present theory. In order to understand these 
important things, we use quantum mechanics as an example. In quantum mechan- 
ics, there are many pictures, such Schrodinger picture, Heisenberg picture, • • • etc. 
In Schrodinger picture, operators of physical quantities are fixed and do not change 
with time, but wave functions are evolve with time. On the contrary, in Heisenberg 
picture, wave functions are fixed and do not change with time, but operators evolve 
with time. If we want to know whether wave functions is changed with time or 
not, you must first determine in which picture you study wave functions. If you do 
not know in which picture you study wave functions, you will not know whether 
wave functions should be changed with time or not. Now, similar case happens in 
quantum gauge theory of gravity. If you want to know whether space-time is curved 
or not, you must first determine in which picture gravity is studied. In physics 
picture of gravity, space-time is flat, but in geometry picture of gravity, space-time 
is curved. They are two different space-times, i.e., the space-time in physics picture 
of gravity is different from the space-time in geometrical picture of gravity. Quan- 
tum gauge theory of gravity is formulated in the physics picture of gravity, classical 
Newton's theory of gravity is also formulated in the physics picture of gravity, and 
the Einstein's general relativity is formulated in the geometrical picture of gravity. 
Please do not discuss any problem simultaneous in two pictures, which is dangerous. 

Quantum gauge general relativity is foumulated in the physics picture of grav- 
ity. So, in quantum gauge general relativity, space-time is always flat and gravity 
is treated as a kind of fundatmental interactions. In order to avoid confusing, we 
do not introduce any comcept of curved space-time and we do not use any language 
of geometry at present. It is suggest that anyone read this paper do not try to 
find any geometrical meaning of any physical quantities, do not use the language of 
geometry to understand anything of this paper and forget everything about the con- 
cept of fibre bundles, connections, curved space-time metric, • • • etc, for the present 
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theory is not formulated in the geometry picture of gravity. After we go into the 
geometry picture of gravity and set up the geometrical picture of quantum gauge 
theory of gravity, we can use geometry language and study the geometry meaning 
of the present theory But at present, we will not use the language of geometry. 

There are mainly the following four reasons to introduce the physics picture of 
gravity and formulate quantum gauge general relativity in the physics picture of 
gravity: 

1. It has a clear interaction picture, so we can use perturbation theory to calculate 
the amplitudes of physical process. 

2. We can use traditional gauge field theory to study quantum behavior of grav- 
itational interactions, and four different kinds of fundamental interactions in 
Nature can be formulated in the same manner, and four kinds of fundamental 
interactions can be unified in a simple and beautiful way. 

3. The perturbatively renormalizability of the theory can be easily proved in the 
physics picture of gravity. 

4. Quantum effects of gravitational interactions can be easily understood in the 
physics picture of gravity. 

Gravitational gauge transformation is different from space-time translation. In 
gravitational gauge transformation, space-time is fixed, space-time coordinates are 
not changed, only fields and objects undergo some translation. In a meaning, grav- 
itational gauge transformation is a kind of physical transformation on objects and 
fields. The traditional space-time translation is a kind of transformation in which 
objects and fields are kept unchanged while space-time coordinates undergo trans- 
lation. In a meaning, space-time translation is a kind of geometrical transformation 
on space-time. Because quantum gauge theory of gravity is set up in the physics pic- 
ture of gravity, we have to use gravitational gauge transformation in our discussion, 
for physics picture needs physical transformation. We do not discuss translation 
transformation of space-time and gauge translations in physics picture of gravity. 
In a meaning, space-time translation is a kind of geometrical transformation, which 
contains geometrical information of space-time structure and is convenient for us 
to study space-time geometry; while gravitational gauge transformation is a kind 
of physical transformation, which contains all dynamical information of gravita- 
tional interactions and is convenient for us to study physical interactions. Though 
from mathematical point of view, for global transformations, space-time transla- 
tion is the inverse transformation of the gravitational gauge transformation. But 
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from physical point of view and for local transformation, they are not the same. In 
the quantum gauge general relativity, we do not gauge translation group, but gauge 
gravitational gauge group, for translation group is different from gravitational gauge 
group. Translation group is the symmetry of space-time, but gravitational gauge 
group is the symmetry group of physical fields and objects. They have essential 
difference from physical point of view. 



Before we study gravitational field, we must determine which field represents grav- 
itational field. In the traditional gravitational gauge theory, gravitational field is 
represented by space-time metric tensor. If there is gravitational field in space-time, 
the space-time metric will not be equivalent to Minkowski metric, and space-time 
will become curved. In other words, in the traditional gravitational gauge theory, 
quantum gravity is formulated in curved space-time. In this paper, we will not follow 
this way. The underlying point of view of this new quantum gauge general relativ- 
ity is that it is formulated in the framework of traditional quantum field theory, 
gravity is treated as a kind of physical interactions in flat space-time and the grav- 
itational field is represented by gauge potential. In other words, if we put gravity 
into the structure of space-time, the space-time will become curved and there will 
be no physical gravity in space-time, because all gravitational effects are put into 
space-time metric and gravity is geometrized. But if we study physical gravitational 
interactions, it is better to rescue gravity from space-time metric and treat gravity 
as a kind of physical interactions. In this case, space-time is flat and there is physical 
gravity in Minkowski space-time. For this reason, we will not introduce the concept 
of curved space-time to study quantum gravity in the most part of this paper. So, 
in most chapters of this paper, the space-time is always flat, the gravitational field 
is represented by gauge potential, and gravitational interactions are always treated 
as physical interactions. In fact, what gravitational field is represented by gauge 
potential is required by gauge principle. 

Now, let's begin to construct the Lagrangian of quantum gauge general relativity. 
For the sake of simplicity, let's suppose that <f>(x) is a Lorentz scalar and gauge group 
scalar. According to above discussions, its gravitational gauge transformation is 



5 Pure Gravitational Gauge Fields 




(5.1) 



Because 



(d,U e ) ± 0, 



(5.2) 
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partial derivative of (f>(x) does not transform covariantly under gravitational gauge 
transformation 

d^{x) - d^'(x) ^ (U £ d^(x)). (5.3) 

In order to construct an action which is invariant under local gravitational gauge 
transformation, gravitational gauge covariant derivative is highly necessary. The 
gravitational gauge covariant derivative is defined by 

D^dp-igC^x), (5.4) 

where C^(x) is the gravitational gauge field and g is the coupling constant of grav- 
itational gauge interactions. It is a Lorentz vector. Under gravitational gauge 
transformations, it transforms as 

C»(x) - C'^x) = U e {x)C,{x)U;\x) + -U e (x)(d,U;\x)). (5.5) 

Using the original definition of U e , we can strictly proved that 

[d, , U e ] = (d li U e ). (5.6) 

Therefor, we have 

u e d,u; 1 = d ll + u e {d,u; 1 ), (5.7) 

U^U-^d^-igC'^x). (5.8) 
So, under local gravitational gauge transformations, 

D^(x) - D'^'(x) = (U e D^(x)), (5.9) 
D,{x) - D'(x) = U e D^x)U;\ (5.10) 



Gravitational gauge field C^{x) is vector field, it is a Lorentz vector. It is also a 
vector in gravitational gauge space, so it can be expanded as linear combinations of 
generators of gravitational gauge group 

C,{x) = C°{x) ■ P a . (5.11) 

are component fields of gravitational gauge field. It looks like a second rank 
tensor. But according to our previous discussion, it is not a tensor field, it is a 
vector field. The index a is not a Lorentz index, it is just a gauge group index. 
Gravitational gauge field has only one Lorentz index, so it is a kind of vector 
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field. This is a result of gauge principle. The gravitational gauge transformation of 
component field is 

C${x) - Cj*(s) = A%(U £ CP(x)) - - g (U e d^(y)), (5.12) 

where y is a function of space-time coordinates which satisfy 

(U t y{x)) = x. (5.13) 



Define matrix G as 

G = {G$ = {8l-gC*). (5.14) 
A simple form for matrix G is 

G = I-gC, (5.15) 
where J is a unit matrix and C = (C°). Therefore, 

0"' = ^. (5.16) 
is the inverse matrix of G, it satisfies 

(G- 1 )JG^ = ^, (5.17) 

G2(G-^ = ^. (5.18) 

Define 

A 



g a P = rf v G a G p v . (5.19) 



<M = vAG- l Y a {G-% (5.20) 

It can be easily proved that 

gapgf* = (5.21) 

g^Qfh = (5-22) 
Under gravitational gauge transformations, they transform as 

G» - G'» = A a ai (f> e G-(^)), (5.23) 

G-^Cx) - G^s) = K ai 0eG-^(x)), (5.24) 

^(s) - g' aP (x) = A a ^A^(U e g aiPl (x)), (5.25) 

^(s) - ^(:r) = A a Ql A^(^ QlA W), (5-26) 
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The strength of gravitational gauge field is defined by 

i^ = — [Z^ , D v ], (5.27) 
-ig 

or 

F, u = d^Cix) - d u C,{x) - igC,{x)C v {x) + igC„{x)C^x). (5.28) 

F^ is a second order Lorentz tensor. It is a vector is group space, so it can be 
expanded in group space, 

F, u {x) = F^{x) ■ P a . (5.29) 
The explicit form of component field strengths is 

F a , u = d,C: - %C« - gCfifW + 9 C%C« (5.30) 

The strength of gravitational gauge field transforms covariantly under gravitational 
gauge transformation 

- K» = UeF^Ur 1 . (5.31) 
The gravitational gauge transformation of the component field strength is 

F^-F^ = K%{U e F^). (5.32) 



In physics picture of gravity, g af 3 defined by (5.20) and g a @ defined by (5.19) are 
not space-time metric, for the space-time metric are always Minkowski metric. They 
are only two composite field operators which are composed of gravitational gauge 
field. Using these two operators, we can calculate another important operator 



ri- 2 7 y dx p + dxa d a x5 y (5.33) 

From above definition, we can see that looks like the affine connection in general 
relativity. But now, it has no geometric meaning, it is not the affine connection in 
the curved space-time in geometrical picture of gravity, for now we are in the physics 
picture of gravity. It is only a composite field operator. Using the following relation, 

-9F; V = GffiKG-^G)} - (G-%G)H (5-34) 
where F^ u is the component field strength of gravitational gauge field, we get 

= -\[G-^d a Gl + G-^d p Gl\ 

(5.35) 

H9 l5 (9^G-^ + g aai G-^)G^F^. 
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Operator R s a0J is defined by 

<3 7 = 9 7 r^ - d p T 5 ai + ry^ - r^rj,, (5.36) 

the operator i? Q7 is defined by 

and the scalar operator R is defined by 

R = g ai R ai . (5.38) 
Operator R ai can also be calculated from the following relation 

R aj = \g p& {d d s g ai - d a d s g^ - dpd^g aS + dad^gps) 



+/W(r-rg-cr£) 



(5.39) 
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The explicit expression for the operator R ai is 



R ai = -(d 1 d a G-G- 1 )£ + 2(d 1 G-G- 1 -daG-G- 1 ^ 
+V pa V,Ad a G-G- 1 Y p (d,G-G- 1 Y a 
+y /3 \u(G~ 1 ■ dpG ■ G- 1 ■ d s G ■ G- 1 )^- 1 " 
-|/V(C _1 • 9pd s G ■ G- v r a G- lv 
+|/V(C" 1 ' 9 S G ■ G- 1 ■ dpG ■ G- 1 )^- 1 " 
+\g p % v G-^{G- 1 ■ dpG ■ G- 1 ■ d s G ■ G' 1 ); 
-IgP^G-^G- 1 ■ dpdsG ■ G- 1 ); 
Hg^G-^iG- 1 ■ d s G ■ G- 1 ■ dpG ■ G~X 
+g' 3 %u(G- 1 ■ dpG ■ G- 1 )^- 1 ■ d 5 G ■ G~% 

-KG- 1 ■ d y G ■ G- 1 ■ d p G)i - \{G- 1 ■ dpG ■ G- 1 ■ dX)i + ^G' 1 ■ d 7 dpGf a 
-Iv^uG^G- 1 ■ d 5 G ■ G- r y a (d,G ■ G- 1 )" 

-IrTlrGVG- 1 ■ d i G ■ G- x y a {d s G ■ G- l Z 
-Iv^uG^G-^G ■ G- 1 ■ d 5 G ■ G-X 
+ l v ^ Vlll/ Gp-nd,dsG ■ G' 1 ): 
-^ pa V^G s p G-^(d s G ■ G- 1 ■ <9 7 G ■ G-X 

-KG- 1 ■ dpG ■ G' 1 ■ d a G)P - KG" 1 • d a G ■ G' 1 ■ dpG)& + ^G' 1 ■ dpd a G)? 
-rTv^G^G- 1 ■ d a G ■ G-^dpG ■ G~% 
-\^^ v GlG-^[d p G ■ G' 1 ■ d a G ■ G-% 

+irrv^G-^(dpd a G ■ G'X - ±rrVv>G%G?»(d a G ■ G' 1 ■ dpG ■ G~X P 

+|wT^ 1 (<9 /3 G ■ G'X^G- 1 ■ d a G ■ G~X 

+^^G^(dpG ■ G'X^G' 1 ■ d,G ■ G- 1 )^ 

4vf Vl (^G • G-X^G ■ G-X 

-l V f^^(a 7 G • G-X^G- 1 ■ dpG ■ G-X 

-iv^^GKG- 1 ■ d 5 G ■ G~X(d a G ■ G^ 

-Iw^GlG^G- 1 ■ d 5 G ■ G'XiG- 1 ■ d p G ■ G~X 

-^^^G^GJ^G-^G^idflG ■ G-X; s 

-^rT^Ft^GJ^G^G-^idpG ■ GX% 

-iKvGt^G' 1 ■ d a G ■ G-X - iF^G-^iG' 1 ■ d y G ■ G~X 

Hr w V^ lul G-^G-^(d 7 G ■ G'Xl + {F^G- 1 ■ d,G ■ G'XpG'X 

+IV^ 1 V^ 1U1 G-^G-^G S JG- 1 ■ d 5 G ■ G-X; 

+ 9 I F^(G- 1 ■ dpG ■ G-Xp-^ + f F^G- 1 ■ dpG ■ GX^X 

X^^FXXXGX^G ■ G~Xn\ + WG- 1 ■ d a G ■ G'XpGX 

+lv fM3 ^FX 1 G^ G XG s XG- 1 ■ d 5 G ■ G~X 

— din n ri ii.\v\ ri p\c\ rp/3 p/3i /nr-l/i /nf-l/*2 (~i-\v f^-lu 2 




r liiv\ r ilWt P Pi 7 a 

'I r vv 1 r ^ 1 (j p ^Pi ^7 

»2V2 pP pPi n- 1 ^n- lu n- 1 t j -in- 

r V1V2 r ^2 Kj P ^Pi °7 



(5.40) 
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Operator R can be calculated from the following relation 

r = g a ~< g e\dpdsg ai - d p d,g aS ) + g^g ps g aiPl {T% T% - K\T%). (5.41) 
The explicit expression for the operator R is 

R = Ag^idaG-G-'-d.G-G-X-^id^G-G-X 

+lv pa V^(d a G ■ G-^id-yG ■ G- l Y, ~ I^G^G ■ G' 1 ■ d a G)« 
-2rTGZ(d a G ■ G- 1 ■ d 7 G)» + 2rTGl^d a G)% 
-\^°^Gip%d a G ■ G-%(d,G ■ G-X 
-V^V^G^G^G ■ G-^daG ■ G- 1 )" 
+ V ^^ V ^G^G^G ■ G-X 2 (d a G ■ G-% 

-2g V ^F« Ui GPG-^(d p G-G-X 

+gr 1 ^F^{d a G-G- l )l 

+gr ] ^F- (7 Gl(G- 1 -d J G-G- 1 r a 

, 2 uui pa pai n-lnn-lm 

_£_ ri W r f<y „ pa p(3 
2 'I 'I ya/3 r ^ u r pa 

_i_ r fv Y pa pa x Q-\jXxrt-\n 
2 I flu /ii^i^a ai 

(5.42) 

Please note that the second last line in the above expression is just the Lagrangian 
that we used in literature [30]. In order to set up the quantum gauge general rela- 
tivity, we will not select it to be the Lagrangian of the model. 

It can be strictly proved that, under gravitational gauge transformations, these 
operators transforms as 

ry*) - C(x) = K ai ^KMrl\ Pl (x)) - a -a/^a^j (5.43) 

R a p jS (x) -> R' af , jS (x) = A* A*A* A/ 1 {U e R ai ^ (*)), (5.44) 
Rap(x) -> R' a(3 (x) = A^Af l (U € R aiPl (x)), (5.45) 
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R(x) -> R'(x) = (U e R(x)). 



(5.46) 



Now, we need to determine the Lagrangian of the model. In order to set up the 
model for quantum gauge general relativity, we need to select R in eq.(5.42) to be 
the Lagrangian. However, its expression is too complicated to be used in further 
calculation. So, we need to changed it into a simpler form. After rather lengthy and 
complicated calculations, it is found that it can be written into another form 

R = Ro + jjpjdf, [2J(C)^G^(9 T Gp - 2J{C)g^G-^{d 5 GD] , (5.47) 

where 

Ro = irTrTgapF^F^ 

and 

J{C) = V-det^. (5.49) 

It is quite surprising that operator R Q has very simple and beautiful form. It has an 
obvious symmetric form under gravitational gauge transformation. The second term 
in eq.(5.47) is only a surface term in action, so it has no contribution to the action, 
and if we select R or R$ to be the Lagrangian of the system, they will give out the 
same action and the same field equation for gravitational gauge field. Because Ro is 
much simpler and more symmetric, we select it to be the Lagrangian of the quantum 
gauge general relativity 

£o = -Te^G^o = ~4^Ro 

— Ln^Pn^n „ fa T?P 

16'/ '/ ya/3 r iiv r pa 

<4'l ^p r pv r pa- 

If we define 

i i 

ppvpa _ up va I tip p-\v p-\a up p-\v p~\a (<\<\~\\ 

^aP - V 9aP + ^ P a ~^ a P ' (O.OlJ 

then the above lagrangian C can be written into a simpler form: 

A) = -\cT F ^K- ( 5 - 52 ) 

30 



(5.48) 



(5.50) 



The first term in the Lagrangian £ of (5.50) is just the Lagrangian in the previ- 
ous work[30]. In fact, every term in the above Lagrangian has gravitational gauge 
symmetry. So, the most general Lagrangian for quantum gauge theory of gravity is 

+c 2V ^G-^G- 1 °F« l/ F p i (5.53) 

+c^G^G-^F« u FP a . 

Because the action given by this Lagrangian has strict local gravitational gauge 
symmetry, the model based on this Lagrangian is perturbatively renormalizable. The 
strict formal proof on the renormalizability of the quantum gauge general relativity 
is suitable to the model based on this most general Lagrangian. For quantum gauge 
general relativity, the parameters ci, c 2 and c 3 are 

For the model discussed in the literature [30], the parameters c±, c 2 and c 3 are 

ci = --, c 2 = 0, c 3 = 0. (5.55) 

Different selection of the parameters c±, c 2 and c 3 gives out different model for quan- 
tum gravity, and therefore different dynamics of gravitational field. This situation 
is quite special for gravitational interactions. We know that, for ordinary SU(N) 
gauge field theory, using gauge field strength, we can only construct one gauge in- 
variant Lagrangian which is a quadratic form of field strength. In other words, 
the Lagrangian for pure gauge field in ordinary SU (N) gauge field theory is unique. 
However, in quantum gauge theory of gravity, we can construct three different gauge 
invariant terms which are quadratic forms of field strength of gravitational gauge 
field. Indeed, in many aspects, quantum gauge theory of gravity is different from 
the traditional gauge field theory. 

Using relations (5.24), (5.25) and (5.32), we can easily prove that the Lagrangian 
defined by eq.(5.50) transforms covariantly under gravitational gauge transformation 

C -> C = (U e Co). (5.56) 

In order to resume the gravitational gauge symmetry of the action, we introduce an 
extremely important factor J(C) which is defined by eq.(5.49). The gravitational 
gauge transformations of g a p is given by eq.(5.25). Then J{C) transforms as 

J(C) -> J'(C') = J ■ (U e J(C)), (5.57) 
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where J is the Jacobian of the transformation, 



J = det[^y^). (5.58) 



The Lagrangian for gravitational gauge field is selected as 



C = J(C)£ = y/-detg a/3 ■ C , (5.59) 
and the action for gravitational gauge field is 

S = J d 4 xC. (5.60) 

It can be proved that this action has gravitational gauge symmetry. In other words, 
it is invariant under gravitational gauge transformation, 

S -> S' = S. (5.61) 

In order to prove the gravitational gauge symmetry of the action, the following 
relation is important, 

J d 4 xj(uj(x)) = J d 4 xf(x), (5.62) 

where f(x) is an arbitrary function of space-time coordinate. 

According to gauge principle, the global gauge symmetry will give out conserved 
charges. Now, let's discuss the conserved charges of global gravitational gauge trans- 
formation. Suppose that e a is an infinitesimal constant 4-vector. Then, in the first 
order approximation, we have 

U e = l-e a d a + o(e 2 ). (5.63) 
The first order variation of the gravitational gauge field is 

6C%(x) = -e v d v C^ (5.64) 
and the first order variation of action is: 

SS = J A ' X ^T L (5-65) 

where T^ a is the inertial energy-momentum tensor, whose definition is 



TL = J(C) ( - + ^ ) ■ ( 5 - 66 ) 
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(5.67) 



Its explicit expression is 

T? a =J{C)[ \r^rf° g^F^d^) 

-IrrG^FjXdaCg) 

-± V »G^G^G»FT,{d a C2) 
+krf%G-^(d a CS) 

-lKv Xp G-^G^FlF p i 

+l^G^G^FlFp. 

The global gravitational gauge symmetry of the system gives out the conservation 
law of inertial energy-momentum tensor 

= 0. (5.68) 

Except for the factor J(C), the form of the inertial energy- momentum tensor is al- 
most completely the same as that in the traditional quantum field theory. It means 
that gravitational interactions will change energy-momentum of matter fields, which 
is what we expected in Einstein's general relativity. 

The Euler-Lagrange equation for gravitational gauge field is 

dfl dd^ = W*' (5,69) 

This form is completely the same as what we have ever seen in quantum field theory. 
But if we insert eq.(5.59) into it, we will get 

Eq.(5.30) can be changed into 

= (D,C:) - (D V C%), (5.71) 
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U H\ 4'/ '/ ya/3 r p a 4'/ r pa ' 4 ' pa 



so the Lagrangian C depends on gravitational gauge fields through its covariant 
derivative, g a p and G~ llA . Therefore, we have 

-^G-^G-^F^Cl) 
-{^G-^G-^F^{d a CD 

(5.72) 

+lv Xp G-^G-^F^(d a Cl) 

+lv xp v-g a ,G-^F^Fj x 

4 a/ lt^ Lr a lt 7 r pa r kX 
- J r 2 ij Lt 7 LT a lt^ r p(T r kX , 

and 

-\^G-^G-^GIF% (5.73) 
The above field equation of gravitational gauge fields are changed into 



2'/ "a r p/3 + 2'' a r pj3)— V 1 gai 



(5.74) 
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where 

+ \^G^G-^F^d a Cl) 
-lv" p G- lx G-^F p i(d a Cl) 

+W P G-^G^F^d a Cl) 



+ 1 I v xp v' /a g a pG- lK F p i(D x C2) 

+\^G^G-^F^{d a Cl) 

+\^G-^G-^G-^F^D x Cl) 

-l^G-^G-^G-^F^CZ) 

-h^d^g^Fp (5.75) 
-\v vp d^G- lx Fp 
+fr p d a (CZG-„ lx Fp 
+iv Xp d,[(G-^G-^G p - SffiS^Fp 
-b Xp d,[(G- lv G-^Gl - StffSfiFp 
-W p G- d lv G-^G-^F?F2 



4 / /3 a 7 per- 1 kX 
-1" 2 A/ Lt 7 Lr a Cr^ r pa .r kX 

8 '/ '/ -Tpo-f^A 
1 6 '/ '/ yPl^a r pa r fi\ 

g /y Lt q Lt^ Lt 7 r pa r^ x 

_l l n ppn- ^n- ix n~ lu j?P ft 
-r 4 ri Lr a Lt 7 u-^ p pa r pX . 

Tg a is also a conserved current, that is 



<9,T; a = 0, (5.76) 

because of the following identity 

u v u p\ 4'/ '/ yaP-Tpa 4 '/ r pa i 4 '/ ^pa 



■5»r^ + h vp KF%) = o. 



(5.77) 



T^ Q is called gravitational energy-momentum tensor, which is the source of grav- 
itational gauge field. Now we get two different energy-momentum tensors, one is 
the inertial energy-momentum tensor T" a and another is the gravitational energy- 
momentum tensor Tg Q . They are similar, but they are different. The inertial energy- 
momentum tensor T" a is given by conservation law which is associate with global 
gravitational gauge symmetry, it gives out an energy-momentum 4-vector: 



p. 

1 IOL 



jd'x T? . (5.78) 
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It is a conserved charges, 

^Pia = 0. (5.79) 
The time component of Pj Q , that is P^, gives out the Hamiltonian H of the system, 

H = -P l0 = Jd 3 x J{C) (< c£ -Co) . (5.80) 

According to our conventional belief, H should be the inertial energy of the system, 
therefore P{ a is the inertial energy-momentum of the system. The gravitational 
energy-momentum is given by the field equation of gravitational gauge field, it is 
also a conserved current. The space integration of the time component of it gives 
out a conserved energy-momentum 4-vector, 



p 

1 get 



Jd 3 x T» ga . (5.81) 



It is also a conserved charge, 



-Pga = 0. (5.82) 



d 

dT 

Its time component just gives out the gravitational energy of the system, which is 
the source of gravitational gauge field. This can be easily seen. For a static system, 
if we Set v and a in eq.(5.74) to 0, select harmonic gauge and make the leading term 
approximation, we can get (details on this deducing can be found in the chapter on 
classical limit of quantum gauge general relativity) 

V 2 C ° = -gT%. (5.83) 

Define 

E* = -d t C° . (5.84) 

E % is just the field strength of gravitational gauge field for a static system. The 
space integration of eq.(5.83) gives out 

j d a ■ E= g J d 3 x T° . (5.85) 

According to Newton's classical theory of gravity, J d 3 x T° in the right hand term 
is just the gravitational mass of the system. Denote the gravitational mass of the 
system as M g , that is 

M g = -Jd 3 x T° . (5.86) 

Then eq(5.85) is changed into 

d a ■ E= -gM g . (5.87) 
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This is just the classical Newton's law of universal gravitation. It can be strictly 
proved that gravitational mass is different from inertial mass. They are not equiva- 
lent. But their difference is at least first order infinitesimal quantity if the gravita- 
tional field <?C" for this difference is proportional to gC®. So, this difference is too 
small to be detected in experiments. But in the environment of strong gravitational 
field, the difference will become relatively larger and will be easier to be detected. 
Much more highly precise measurement of this difference is strongly needed to test 
this prediction and to test the validity of the equivalence principle. In the chapter 
of classical limit of quantum gauge theory of gravity, we will return to discuss this 
problem again. 

As we have stated before, the model given by the lagrangian (5.50) is quantum 
gauge general relativity, so the field equation of gravitational gauge field given by 
this Lagrangian should be the Einstein's field equation. Indeed, this is true. That 
is, the field equation (5.74) is just the Einstein's field equation. If we use periodic 
boundary conditions, all surface terms in the action must vanish, that is 



/ 



d 4 x J(C) ■ -j^dp [2J(C)g^G^(d y G~p - 2 J(C)/^(^)] = 0. (5.88) 



Combine the above equation with the equation (5.47), we have 

J d 4 x J(C) ■ Ro = J d 4 x J(C) ■ R. (5.89) 
So, the action of the model can be written into 



(5.90) 



Denote the action of matter field as Sm- If we consider the gravitational interactions 
of matter fields, the total action of the system should be 



J d 4 x y/-detg a/ 3 ■ R + S M - 



i6,G'--v — (5 - 91) 

Make a variation of gravitational gauge field C", the variation of the operator g a p 
is 

fig* = g(g^G-^ + g ja G^)SCi (5.92) 

and the change in the action is 



6S = ii^G J d4x ^~ det9a ^ 



Ra( s _ ^ g ^R + SnGT al3 



(9^G-^+g ja G-^)SCl 
(5.93) 
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where T a/3 is the symmetric energy-momentum tensor which is defined by 

2 5S M 



rpa/3 



(5.94) 



The total action S is stationary with respect to arbitrary variations in if and 
only if 

R aiPl - \g aiPl R + 8nGT a ^ (g^G-^ + g jai G^) = 0. (5.95) 
Multiply both side of the above equation with G", we get 



2 y 



9-rPi 



0. 



Then multiply both side of the above equation with g 7/3 , we get 

R aP - \g aP R + 8nGT al3 = 0, 



(5.96) 



(5.97) 



which is just the Einstein's field equation. Now, from the same action, the least 
action principle gives out two equations (5.74) and (5.93). They are different in 
forms, but they are essentially the same, for one action can only give out one field 
equation. So, in quantum gauge general relativity, the field equation of gravitational 
gauge field is the Einstein's field equation. 



Now, let's discuss self-coupling of gravitational field. The Lagrangian of gravi- 
tational gauge field is given by eq(5.59). Because 

oo / oo n \ m 

= 1 + (5 - 98) 

m=l \n=l / 

there are vertexes of n gravitational gauge fields in tree diagram where n can be 
arbitrary integer number that is greater than 3. This property is important for renor- 
malization of the theory. Because the coupling constant of the gravitational gauge 
interactions has negative mass dimension, any kind of regular vertex exists diver- 
gence. In order to cancel these divergences, we need to introduce the corresponding 
counterterms. Because of the existence of the vertex of n gravitational gauge fields 
in tree diagram in the non-renormalized Lagrangian, we need not introduce any new 
counterterm which does not exist in the non-renormalized Lagrangian, what we need 
to do is to redefine gravitational coupling constant g and gravitational gauge field 
in renormalization. If there is no J(C) term in the original Lagrangian, then we 
will have to introduce infinite counterterms in renormalization, and therefore the 
theory is non-renormalizable. Because of the existence of the factor J(C), though 
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quantum gauge theory of gravity looks like a non-renormalizable theory according 
to the power counting law, it is indeed renormalizable. In a word, the factor J(C) 
is highly important for the quantum gauge general relativity. 



6 Gravitational Interactions of Scalar Fields 

Now, let's start to discuss gravitational interactions of matter fields. First, we 
discuss gravitational interactions of scalar fields. For the sake of simplicity, we first 
discuss real scalar field. Suppose that <j>(x) is a real scalar field. The traditional 
Lagrangian for the real scalar field is 



where m is the mass of scalar field. This is the Lagrangian for a free real scalar field. 
Its Euler-Lagrangian equation of motion is 



which is the famous Klein-Gordan equation. 

Now, replace the ordinary partial derivative <9 M with gauge covariant derivative 
D^, and add into the Lagrangian of pure gravitational gauge field, we get 



I Tfl 



(6.1) 



(?T<9A - m 2 )<j)(x) = 0, 



(6.2) 



\^{D„<t>){D v <t>) 




(6.3) 



The full Lagrangian is selected to be 



C = J(C)C 



(6.4) 



and the action S is defined by 




(6.5) 
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Using our previous definitions of gauge covariant derivative and strength of 
gravitational gauge field F® u , we can obtain an explicit form of Lagrangian C, 

C = C F + d, (6.6) 

with C F the free Lagrangian and Cj the interaction Lagrangian. Their explicit 
expressions are 

C F = -\rTd^{x)d v <l>{x) - ^<f> 2 (x) 

Ci = (J(C)-l)-(-^d^(x)d u <f>(x)-^( x )) 

+gJ(C) V ^(d a cf>)(d 1/( f>) - tjWrrCtCfrdaMdfrf) (6.8) 
+self interaction terms of Gravitational gauge field, 

where, 

= d,C: - d u C«. (6.9) 

From eq.(6.8), we can see that scalar field can directly couples to any number of 
gravitational gauge fields. This is one of the most important interaction properties of 
gravity. Other kinds of interactions, such as strong interactions, weak interactions 
and electromagnetic interactions do not have this kind of interaction properties. 
Because the gravitational coupling constant has negative mass dimension, renor- 
malization of theory needs this kind of interaction properties. In other words, if 
matter field can not directly couple to any number of gravitational gauge fields, the 
theory will be non-renormalizable. 

The symmetries of the theory can be easily seen from eq.(6.3). First, let's dis- 
cuss Lorentz symmetry. In eq.(6.3), some indexes are Lorentz indexes and some are 
group indexes. Lorentz indexes and group indexes have different transformation law 
under gravitational gauge transformation, but they have the same transformation 
law under Lorentz transformation. Therefor, it can be easily seen that both £ and 
J(C) are Lorentz scalars, the Lagrangian C and action S are invariant under global 
Lorentz transformation. 

Under gravitational gauge transformations, real scalar field <f)(x) transforms as 

( />(x)^<!> , (x) = (U e <f>(x)), (6.10) 

therefore, 

D^(x) - D'^'{x) = (U e D^(x)). (6.11) 
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(6.7) 



Using above relations and relations (5.24), (5.25) and (5.32) we can easily prove that 
C transforms covariantly 

4>-£o = (£Uo), (6-12) 
and the action eq.(6.5) of the system is invariant, 

S^S' = S. (6.13) 

Please remember that eq.(5.62) and eq.(5.57) are an important relations to be used 
in the proof of the gravitational gauge symmetry of the action. 

Global gravitational gauge symmetry gives out conserved charges. Suppose that 
U e is an infinitesimal gravitational gauge transformation, it will have the form of 
eq.(5.63). The first order variations of fields are 

5C «(x) = - e »( d „CZ(x)), (6.14) 

5<f>{x) = -e u (d u <j)(x)), (6.15) 

Using Euler-Lagrange equation of motions for scalar fields and field equation for 
gravitational gauge fields, we can obtain that 



5S 

where 



Jd'xfdJZ, (6.16) 



T - s J < c > - ^k a - ct + KC °) ■ (6 - 17) 

Because action is invariant under global gravitational gauge transformation, 

5S = 0, (6.18) 

and e a is an arbitrary infinitesimal constant 4-vector, we obtain, 

d»T? a = 0. (6.19) 

This is the conservation equation for inertial energy-momentum tensor. T^ a is the 
conserved current which corresponds to the global gravitational gauge symmetry. 
The space integration of the time component of inertial energy-momentum tensor 
gives out the conserved charge, which is just the inertial energy- momentum of the 
system. The time component of the conserved charge is the Hamilton of the system, 
which is 

H = -P l0 = [d 3 x J(C)(tt +< cl -C ), (6.20) 
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where ir^ and 7r^ are canonical conjugate momenta of the real scalar field and grav- 
itational field 

7T, = ^, (6.21) 

< = (6.22) 

The inertial space momentum of the system is given by 

P i = P ii = Jd 3 x J(C)(-7r^0 - <9iC«). (6.23) 

According to gauge principle, after quantization, they will become generators of 
quantum gravitational gauge transformation. 

Using the difinion (5.19), we can change the Lagrangian given by eq.(6.3) into 

Co = -\<f*{d a <l>){df><l>) - - j^Ro. (6.24) 

g afS is the metric tensor of curved group space-time. We can easily see that, when 
there is no gravitational field in space-time, that is, 

C£ = 0, (6.25) 

the group space-time will be flat 

g al3 = r] ap . (6.26) 
This is what we expected in Einstein's general relativity. 

Euler-Lagrange equations of motion can be easily deduced from action principle. 
Keep gravitational gauge field fixed and let real scalar field vary infinitesimally, 
then the first order infinitesimal variation of action is 

SS = / dMC ) g - - gG ;> m ^L) 6,. (6.27) 

Because 5<j) is an arbitrary variation of scalar field, according to action principle, we 

w-^m- sG ^ c:) m =0 - (6 - 28) 

Because of the existence of the factor J(C), the equation of motion for scalar field is 
quite different from the traditional form in quantum field theory. But the difference 
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is a second order infinitesimal quantity if we suppose that both gravitational cou- 
pling constant and gravitational gauge field are first order infinitesimal quantities. 
Because 

()Ci) -//"V;,,, (6.29) 



dd a , 

<lC ° = - in -o. (6.30) 



the explicit form of the equation of motion of scalar field is 

g ^d a d^ - m 2 + {d a g^)d^ + gg^{d^)G- lv {d a CZ) = 0. (6.31) 
The field equation for gravitational gauge field is: 

4'/ '/ ya/3 r pa 4'/ r pa ' 4'/ r pa 

(6.32) 

-WKF% + \rTKF%) = -gT» a , 
where T^ a is the gravitational energy-momentum tensor, whose definition is: 

+i 9 V Xp d,[(G^G-^G p - (6.33) 
-iy p d,[(G^G~^G p x - 5^5 p )F p i] 
-\v Kp G-^G-^G^F p iF: x 
+\r)" p G-^G-^G-^F%Fl x 

g'/ '/ (Ja^p r pa r fi\- 

We can see again that, for matter field, its inertial energy- momentum tensor is also 
different from the gravitational energy-momentum tensor, this difference completely 
originate from the influences of gravitational gauge field. Compare eq.(6.33) with 
eq.(6.17), and set gravitational gauge field to zero, that is 

Dp<p = d^, (6.34) 
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J{C) = 1, (6.35) 
then we find that two energy-momentum tensors are completely the same: 



ia get' 



(6.36) 



It means that the equivalence principle only strictly hold in a space-time where there 
is no gravitational field. In the environment of strong gravitational field, such as in 
black hole, the equivalence principle will be strongly violated. 

Field equation of gravitational gauge field can be written into another form. 
Starting from eq. (6.24) and making a variation of gravitational gauge field, we get 



SS 



9 



16nG 



J d 4 x J(C) 



R af3 _ _ a(3 R + % QT «f> 

2 y 



where T Q/3 is the energy-momentum tensor of the scalar field 



(6.37) 



T^ = g^g^(d ai <P)(d Pl <P)+g 



ol{3 
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Then action principle gives out the Einstein's field equation 

R a/3 _ \ g «P R + SnGT al3 = 0. 
2 

The Einstein's field equation is equivalent to the field equation (6.32). 
Define 

L = J d 3 x £ = J d 3 x J{C)C . 
Then, we can easily prove that 



5L 



dC, 



50 J ^ C \d(f) ~ l dd4 



-ft 
5L 



dCr 



ddi4> 



SL 

5Q* 



J(C) 



• J(C)^ 

dC . dC 



-ft 



dC 



sc?. 



dC?. 



(6.38) 



(6.39) 



(6.40) 

(6.41) 

(6.42) 

(6.43) 
(6.44) 
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Then, Hamilton's action principle gives out the following equations of motion: 

(6.45) 

(6.46) 

These two equations of motion are essentially the same as the Euler-Lagrange equa- 
tions of motion which we have obtained before. But these two equations have more 
beautiful forms. 

The Hamiltonian of the system is given by a Legendre transformation, 



5L 


d 5L 


50 


dt 5 


5L 


d 5L 


5C? 


dt 5C« 



H = f d 3 x ( ^ cA - L 



(6.47) 



where 7r^ and 7r^ are canonical conjugate momenta whose definitions are given by 
(6.21) and (6.22). It can be easily seen that the Hamiltonian given by Legendre 
transformation is completely the same as that given by inertial energy-momentum 
tensor. After Legendre transformation, 0, C™, J{C)t:^ and J(C)n£ are canonical 
independent variables. Let these variables vary infinitesimally, we can get 



5H 5L 

50 ~ ~50' 

8H 



5{J{C)^) 
SH 5L 



(6.48) 

0, (6.49) 

(6.50) 



Then, Hamilton's equations of motion read: 

d . 5H 



5C« 5C« ' 

(■;:■ (6.5i) 



(6.52) 



dr 8{j{c)^y 

^J(C)^ = (6.53) 

i c -Km<Y (6 - 54) 
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iW0<) - -g. (6.55) 

The forms of the Hamilton's equations of motion are completely the same as those 
appears in usual quantum field theory and usual classical analytical mechanics. 
Therefor, the introduction of the factor J(C) does not affect the forms of Lagrange 
equations of motion and Hamilton's equations of motion. 

The Poisson brackets of two general functional of canonical arguments can be 
defined by 

{A , B} = Jd 3 x (f SB 5A SB 



<5(J(C> ) <5(J(C)tt ) &4> 

A" I \ I ) 



5 A SB 8 A SB \ 



(6.56) 



SC? <5(J(C)<) S(J(C)n 

According to this definition, we have 



{0(x,f) , {J{C)^){y,t)} = 5\x -y), (6.57) 

{(%(x,t) , (J(C)7^)(y,t)} = 6^6 3 (x- y). (6.58) 

These two relations can be used as the starting point of canonical quantization of 
quantum gravity. 

Using Poisson brackets, the Hamilton's equations of motion can be expressed in 
other forms, 

d 6(x,t) = { ( f ) (x,t) , H}, (6.59) 



df 

(.T(C 

df 

df 



±(J(C)n 4 ,)(x,t) = {(J(C)ir <l ,)(x,t) , H}, (6.60) 
±C:(x,t) = {C:(x,t) , H}, (6.61) 



A(J(C)<)(x,t) = {(J(C)<)(x,t) , H}. (6.62) 

Therefore, if A is an arbitrary functional of the canonical arguments <p, C£, J(C)7r^ 
and J(C)n£, then we have 

A={A , H}. (6.63) 
After quantization, this equation will become the Heisenberg equation. 

If (f>(x) is a complex scalar field, its traditional Lagrangian is 

-rTd^<l>{x)d v <j>*{x) -m 2 (f)(x)(j)*(x). (6.64) 
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Replace ordinary partial derivative with gauge covariant derivative, and add into 
the Lagrangian for pure gravitational gauge field, we get, 

C = -r]^{D^){D v( t>Y -m 2 00* 

(6.65) 

+ l r ,WQ-lvQ-l<J pa p/3 
' & I °a ^(3 1 jxv r pa- 

Repeating all above discussions, we can get the whole theory for gravitational inter- 
actions of complex scalar fields. We will not repeat this discussion here. 



7 Gravitational Interactions of Dirac Field 

In the usual quantum field theory, the Lagrangian for Dirac field is 

-^(7^ + m)^ (7.1) 

Replace ordinary partial derivative with gauge covariant derivative, and add into 
the Lagrangian of pure gravitational gauge field, we get, 



£0 = -ii^D^ + m)^ 

16 'I '/ ya/3 r pu r pa 

-\rfGf v G- 1,T FZ,.FL 



(7.2) 



a pv pa 
-T 4 II lJ„ r p V r pa- 

The full Lagrangian of the system is 

C = J(C)C , (7.3) 

and the corresponding action is 

S = J d 4 xC = J d 4 x J(C)C . (7.4) 

This Lagrangian can be separated into two parts, 

C = C F + d, (7.5) 
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with Cp the free Lagrangian and Cj the interaction Lagrangian. Their explicit forms 
are 



C F = -• ^(7 M (9 M + m)ifj 

Cj = ( J(C) - 1) • [-^d, + m)V] + gJ(C)4>r(dail>)C2 



(7.6) 



(7.7) 



+self interaction terms of Gravitational gauge field. 

From Cj, we can see that Dirac field can directly couple to any number of grav- 
itational gauge fields, the mass term of Dirac field also take part in gravitational 
interactions. All these interactions are completely determined by the requirement 
of gravitational gauge symmetry. The Lagrangian function before renormalization 
almost contains all kind of divergent vertex, which is important in the renormaliza- 
tion of the theory. Besides, from eq.(7.7), we can directly write out Feynman rules 
of the corresponding interaction vertexes. 

Because the traditional Lagrangian function eq.(7.1) is invariant under global 
Lorentz transformation, which is already proved in the traditional quantum field 
theory, and the covariant derivative has the same behavior as partial derivative un- 
der global Lorentz transformation, the first two terms of Lagrangian C are global 
Lorentz invariant. We have already prove that the Lagrangian function for pure 
gravitational gauge field is invariant under global Lorentz transformation. Therefor, 
C has global Lorentz symmetry. 

The gravitational gauge transformation of Dirac field is 

ip(x) -> *p'(x) = (U e ^(x)). (7.8) 

■0 transforms similarly, 

4>(x) -> $'(x) = (U £ ^(x)). (7.9) 

Dirac 7-matrices is not a physical field, so it keeps unchanged under gravitational 
gauge transformation, 

7^ ->7". (7.10) 

Using above relations and relations (5.24), (5.25) and (5.32) we can prove that, 
under gravitational gauge transformation, £ transforms as 

£ - C = (U e Co). (7.11) 

So, 

£^£' = J(U e £ ), (7.12) 
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where J is the Jacobi of the corresponding space-time translation. Then using 
eq.(5.62), we can prove that the action S has gravitational gauge symmetry. 

Suppose that U e is an infinitesimal global transformation, then the first order 
infinitesimal variations of Dirac field are 

8ip = -(?d v ip, (7.13) 

8i) = -e v d v $. (7.14) 
The first order variation of action is 

5S = J d 4 xe a d,Tt a , (7.15) 
where T? a is the inertial energy-momentum tensor whose definition is, 

tl - m - ^k daC " + 6 « Co ^ ■ (7 - 16) 



The global gravitational gauge symmetry of action gives out conservation equation 
of the inertial energy-momentum tensor, 

« = 0. (7.17) 

The inertial energy-momentum tensor is the conserved current which expected by 
gauge principle. The space integration of its time component gives out the conserved 
energy-momentum of the system, 

H = -P l0 = Jd 3 x J{C) ^ V +< dl -A)) , (7.18) 
P i = Pa = Jd 3 x J(C) (-tt^V - <3iC£) , (7.19) 



where 



tt* = (7.20) 



d tp 

The equation of motion of Dirac field is 

( 7 ^ + m)^ = 0. (7.21) 

From this expression, we can see that the factor J(C) does not affect the equation of 
motion of Dirac field. This is caused by the asymmetric form of the Lagrangian. If 
we use a symmetric form of Lagrangian, the factor J{C) will also affect the equation 
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of motion of Dirac field, which will be discussed later. 



The field equation of gravitational gauge field can be easily deduced, 

U H\ 4'/ '/ ya/3-T pa 4'/ r pa ' 4'/ r pa 



(7.22) 

'2'/' ' Wp/3 2'/ ' u a J, p^ - "J^ffO 

where is the gravitational energy-momentum tensor, whose definition is: 

+iv Xp dp[(G-^G-^G» - 5^ x )F p i) (7.23) 
-T 9 ^d,[{G-^G-^Gi - 5»5ffi)F p i] 

-\^g-^g-^g-^f^f: x 
+\v kp G'^g-^g-^f^f: x 

-\ri^ 9ai G-^F^F; x . 

We see again that the gravitational energy-momentum tensor is different from the 
inertial energy-momentum tensor. This field equation is also equivalent to the Ein- 
stein's field equation which has the following form 

Raf 3 _ \ g ^ R + SnGT al3 = 0, (7.24) 
where T a/3 is the symmetric energy-momentum tensor of Dirac field 

T af3 = -{^Yd^){G«g^ + G^) - g^^Dp, + m)i/> (7.25) 



In usual quantum field theory, the Lagrangian for Dirac field has a more sym- 
metric form, which is 

-HY dp +m)i(>, (7.26) 
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where 

%= (7.27) 

The Euler-Lagrange equation of motion of eq.(7.26) also gives out the conventional 
Dirac equation. 

Now replace ordinary space-time partial derivative with covariant derivative, and 
add into the Lagrangian of pure gravitational gauge field, we get, 

Co = -ipi^D^+m)^ 

16'/ '/ yal3 r pu r pa 

-± n wG~ lu G~ la F a F 13 

T 4'' ^"a r p,v F pai 



(7.28) 



where Da is defined by 



D,= (7.29) 



Operator is understood in the following way 

f(x)D»g(x) = (D,f(x))g(x), (7.30) 

with f(x) and g(x) two arbitrary functions. The Lagrangian density £ and action S 
are also defined by eqs. (7.3-7.4). In this case, the free Lagrangian L F and interaction 
Lagrangian Ci are given by 

C F = -^( 7 M^ +m )^, 

(7.31) 

d = (J(C) - 1) • d, +m)ip] + gJ{C)$Y d a ^)C7» 

(7.32) 

+self interaction terms of Gravitational gauge field. 



The Euler-Lagrange equation of motion for Dirac field is 

?h - d.^= - g G- lv {d^)^= = 0. (7.33) 
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Because 

dC 1 

-S = --YD^-mij, (7.34) 
dCp = 1 

eq.(7.33) will be changed into 



J a G^, (7.35) 



(YD, + mty = -\l^d a G«)4> - l - 91 ^G-^(D,CP). (7.36) 

If gravitational gauge field vanishes, this equation of motion will return to the tra- 
ditional Dirac equation. 



T? a = AC) ( -i^jd^ - (^)S - -^d a C; + SZCo ) , (7.37) 



The inertial energy-momentum tensor now becomes 

9C T dC dC 

— — d a ip - {o a ip) — — = - — — 

and the gravitational energy-momentum tensor becomes 

-\v vp d {ClG-^ c ) 

+I- 9 V Xp dA(G-^G-^ x - 5^J p )F p i] 
-T 9 V Xp d,[(G^G-^G» - S»JZ%)F£,] 
-\v Kp G-^G-^G-^F^ a F2 x 
+h Kp G-^G-^G^F p iF2 x 

-\v pp v x °g a ~ t G-^F^F; x . 

Both of them are conserved energy- momentum tensor. But they are not equivalent. 
The field equation of gravitational gauge field still are (7.22), but should replace 

52 



(7.38) 



the gravitational energy-momentum tensor T^ a with (7.38). The Einstein's field 
equation is still (7.24), but the energy-momentum tensor T a/3 should be 



(7.39) 



8 Gravitational Interactions of Vector Field 

The traditional Lagrangian for vector field is 

1 777^ 

--rj^A, v A pa - —rTA^ (8.1) 

where A^ u is the strength of vector field which is given by 

d,A v - d v A„. (8.2) 

The Lagrangian £ that describes gravitational interactions between vector field and 
gravitational fields is 

C '„ - _I t iW»i 1 " 7 4 A — uf-rt^ A A 

— 4'/ '/ ^pu^pcj 2 ' /i ^ 

-^rfPrrg^F^FS,, 

(8.3) 

In eq.(8.3), the definition of strength is not given by eq.(8.2), it is given by 

4 - n A — n A 

= d^A u — d u A^ — gC°d a A u + gC^daA^, 

where _D M is the gravitational gauge covariant derivative, whose definition is given 
by eq.(5.4). The full Lagrangian C is given by, 

C = J(C)C . (8.5) 

The action S is defined by 

r d 4 x C. (8.6) 
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The Lagrangian C can be separated into two parts: the free Lagrangian £p and 
interaction Lagrangian £/. The explicit forms of them are 

(8.7) 

_J_ r} HP r) v<T r} pa pP _! rl Pppa pP I Lwp pP 
16 '/ '/ 'laP r 0pu r 0pa $ I OpP Opa ' i'l r 0pa r 0pf3' 

Cj = (J(C) - 1) • (-if^VV - i-V^A^) 
+gJ(C)riWri™A 0flu C«d a A a 

(8.8) 

J(C)r]^(C^(d a A u )(dpA a ) - CSCfrdaAJidpA,)) 

+ self interaction terms of Gravitational gauge field, 

where A 0fiu = d^A v — d u A^. The first three lines of Ci contain interactions between 
vector field and gravitational gauge fields. It can be seen that the vector field can 
also directly couple to arbitrary number of gravitational gauge fields, which is one of 
the most important properties of gravitational gauge interactions. This interaction 
property is required and determined by local gravitational gauge symmetry. 

Under Lorentz transformations, group index and Lorentz index have the same 
behavior. Therefor every term in the Lagrangian C are Lorentz scalar, and the whole 
Lagrangian C and action S have Lorentz symmetry. 

Under gravitational gauge transformations, vector field A^ transforms as 

A,(x) A'^x) = (U e A^x)). (8.9) 
D VL A V and A^ u transform covariantly, 

D,A u ^D'^A' u = (U t D^A u ), (8.10) 

A fU ,^A' (lv = (U e A JM/ ). (8.11) 
So, the gravitational gauge transformations of £ and C respectively are 

Co^C' = (U e Co), (8.12) 

a = j(u e £ )- (8.i3) 

The action of the system is gravitational gauge invariant. 
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The global gravitational gauge transformation gives out conserved current of 
gravitational gauge symmetry. Under infinitesimal global gravitational gauge trans- 
formation, the vector field transforms as 

5A^ = -e a d a A^. (8.14) 

The first order variation of action is 

5S = J d 4 xe a d,Tt a , (8.15) 
where Tf a is the inertial energy-momentum tensor whose definition is, 

J(C) {-wk 9 ° A ° - J§r^ + « £ ») • (8 - 16) 

T? a is a conserved current. The space integration of its time component gives out 
inertial energy-momentum of the system, 

H = -P t0 = Jd 3 x J(C) (V A, +< CI -£ ) , (8.17) 

P l = Pi i = Jd 3 x J(C) {-n^A, - n£diCZ) , (8.18) 

where 

7r" = -^-. (8.19) 
OA, 

The equation of motion for vector field is 
From eq.(8.3), we can obtain 

dC 



- -m 2 r] Xu A x . (8.22) 



dA v 

Then, eq.(8.20) is changed into 
if p r] va D il A l „ - m 2 ^A, = -^"(d.G^A^ - grj^A^G'^D^). (8.23) 
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The equation of motion of gravitational gauge field is 

(8.24) 

where T^ a is the gravitational energy-momentum tensor, 
+h" p d a (C° x G/ x Fp 

+I- 9 V Xp d,[(G-^G^G» - 5^ x )Fp (8.25) 
-T 9 V Xp d»[(G^G-^G» - 5»J^)F p i] 
~\v Kp G^G-^G^F^F2 x 
-t 2 fj Lj 7 (j a (jp r pa r KX 

8 '/ '/ ya-y^p r pa r ti\- 

Tg a is also a conserved current. The space integration of its time component gives 
out the gravitational energy-momentum which is the source of gravitational inter- 
actions. It can be also seen that inertial energy-momentum tensor and gravitational 
energy- momentum tensor are not equivalent. 



9 GSU(N) Unification Model 

Now, let's discuss how to unify traditional SU(N) gauge field theory with gravi- 
tational gauge field theory [32], which is the foundation of the unification of funda- 
mental interactions. As an example, we discuss gravitational gauge interactions and 
SU (N) non-Abelian gauge interactions of Dirac field. The generators of SU(N) 
group is denoted as T a , they satisfies 

[T a , T b ]=tf abc T c , (9.1) 
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Tr(T a T b ) = K5 ab . (9.2) 

The SU(N) non-Abelian gauge field is denoted as A^, which is an element of SU (N) 
Lie algebra, 

A,{x) = A;(x)T a , (9.3) 
where A a {x) are component fields. 

Because an arbitrary element U (x) of SU (N) group does not commute with an 
arbitrary element U e of gravitational gauge group, 

[U(x) , U e ]^0. (9.4) 

The product group of SU(N) group and gravitational group is not direct product 
group, but semi-direct product group, which we will denoted as GSU (N) group 

GSU(N) = SU(N) ® s Gravitational Gauge Group. (9.5) 
An arbitrary element of GSU(N) is denoted as g(x), which is defined by 

g(x) = U e -U(x). (9.6) 
The gauge covariant derivative of GSU (N) group is 

D M = - igC^ - ig s A^ = £>„ - %g s A^ (9.7) 

where g s is the coupling constant of non-Abelian SU(N) gauge interactions, C M is 
the gravitational gauge field and is the gravitational gauge covariant derivative. 

The field strength of non-Abelian gauge field A^ is 

A lu/ = (D li A u )-(D 1/ A li )-ig a [A li , A v \. (9.8) 
A^ u is also an element of SU (N) Lie algebra, 

= A%(x)T„ (9.9) 

where 

A% = {D,AD - (D V A$ + gJatcA^Al. (9.10) 
A^ is not a SU (N) gauge covariant field strength. 

SU (N) Gauge covariant field strength is defined by 

= A, v + gG~ lx A x F° u = A° v T a , (9.11) 
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where 



K^A^ + gG^A^. (9.12) 



The lagrangian density Co is given by, 

Co = -^{D^-igsA^+m^-l^P^h^k^ 



-\^ p G~ p lu G- la F*,Fi 



(9.13) 

/Xf^ pa 



'4 r l ^0 r pu r pa- 



The full lagrangian density C is defined by 

C = J(C)C , (9.14) 

And the action of the system is 

S = J d A xC = J d 4 xJ(C)£ . (9.15) 



Now, we discus symmetry of the system. Under SU(N) gauge transformations, 
gravitational gauge field C^{x) is kept unchanged. Therefore, F° v , G™, G~ ltJl , 
and J(C) are not changed under local SU(N) gauge transformations. Other fields 
and operators transform as 

_> = (U(x)ip), (9.16) 
A, - ^ = U{x)A,U-\x) - —U(x)(D fl U~ 1 (x)), (9.17) 

A, v - A'^ = U{x)A, v U-\x) + -9-FZ v U(x){d a U-\x)), (9.18) 

Ws 

A^ -> A^ = C/(rr) A^CT 1 (rr) . (9. 19) 

Using all these relations, we can prove that the lagrangian density Co does not 
change under local SU (N) gauge transformations 

C -> C' = C . (9.20) 

Because both integration measure d 4 x and J{C) are not changed under non-Abelian 
SU (N) gauge transformation, the action is invariant under SU (N) gauge transfor- 
mation. Therefore, the system has local SU (N) gauge symmetry. 
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Under local gravitational gauge transformation, the transformations of various 
fields and operators are 

^-^ = (tW), (9.21) 

^-? = (E^), (9.22) 

A, - 4 = U € Ajj;\ (9.23) 

C M - C?; = ftC^f 1 - ±£( d^f 1 ), (9.24) 

^ - g' ap = A^A/H^Wj, (9.25) 

D^D^^f/- 1 , (9.26) 

- 4, = UeA^U- 1 , (9.27) 

F;, - j£ = h°ft e F? v U:\ (9.28) 

- a; = a^u^Jj;\ (9.29) 

G^ 1 " - G'~^ = A£U e G-^U:\ (9.30) 

A M „ - A^ = U e A^U-\ (9.31) 

J(C) -> J'(C') = J ■ U e J(C)U-\ (9.32) 

where J is the Jacobian of the corresponding transformation. Using all these rela- 
tions and the following relation 

J d 4 xJ(UJ(x)) = J d 4 xf(x), (9.33) 

where f(x) is an arbitrary function, we can prove that 

Co - C = (U e Co), (9.34) 

C -> £' = J(f> e £), (9.35) 

5 -> S" = 5. (9.36) 
Therefore, the system has local gravitational gauge symmetry. 

Combining above results on local SU(N) gauge transformations and local grav- 
itational gauge transformations, we know that under general GSU (N) gauge trans- 
formation g(x), transformations of various fields and operators are 

^V' = G?W), (9-37) 

j^# = (U e @rf(x))), (9.38) 
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A,-—{D^U-\x))U{x) 



9 (x), 



% 9 



V 



4- = 9( x ) 



A„ + ^-FUd a U- 1 (x))U(x) 



Ws 



#a/3 -»■ #a/3 = K^t ' Q^g^g' 1 {x) , 

-> = 9{x)k^g' 1 (x), 
J(C) ^ J\C) = J ■ g{x)J{C)g-\x). 



(9.39) 

(9.40) 

(9.41) 

(9.42) 

(9.43) 
(9.44) 
(9.45) 
(9.46) 
(9.47) 
(9.48) 



Using all above relations, we can prove that the action S is invariant local GSU (N) 
gauge transformation. 

The lagrangian density C can also be separated into two parts: the free lagrangian 
density Cp and interaction lagrangian density 



where 



(9.49) 



(9.50) 
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-I^-(J(C) - l)A^ u A° 0pa 
+gJ(C)$r(d a ^)C« + ig s J{C)^T a ^Al 
+gi fP ri »<rj(C)(d li Al - d v A<$C${d a A%) 
-^p^j^f^A^Al - d u A«) 

-f/YV(C)G a 1A # A A;F; (9 . 51) 

-iv w V va J(C)fa b cf ablCl A^AlA b ;A^ 
+gg sV ^J(C)f abc A^AlC°(d a A a a ) 
-£rfPrrJ(C)(CSd a AZ - C2d a A«)C?(dpA«) 
-^jf°J{C)G-^Gf"AlAlF« v F% 



+self interaction terms of Gravitational gauge field. 
In above relations, Aq is defined by 



From eq.(9.50), we can write out propagators of Dirac field, SU(N) non-Abelian 
gauge field and gravitational gauge field. From eq.(9.51), we can write out Feynman 
rules for various interaction vertexes and calculate Feynman diagrams for various 
interaction precesses. We can also see that, because of the influence of the factor 
J(C), matter fields can directly couple to arbitrary number of gravitational gauge 
field, which is important for the renormalization of the theory. 

The equation of motion of Dirac field is 




(9.52) 



The explicite expression for J(C) is 




(9.53) 



(7 M D M + m)i) = 0. 



(9.54) 
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The equation of motion of SU (N) gauge field is 

drx%, = -g s v»aJ a a , (9.55) 

where 

(9.56) 

_^ Pr] ^ G -iu F ^ A a^ + JLy Prj ™ G ^( Dfi ci)A a pa . 
J% is a conserved current, 

d v J v a = 0. (9.57) 

When gravitational gauge field vanishes, the above current J% returns to the con- 
ventional current in traditional non-Abelian SU (N) gauge field theory, which is 

J V a = i^Talp + V^fabcA^. (9.58) 

But if gravitational gauge field does not vanish, because of the influence from grav- 
itational gauge field, the conventional current eq.(9.58) is no longer a conserved 
current. 

The equation of motion of gravitational gauge field is 

u p\ 4'/ '/ ya/3 1 pa 4'/ j pqT 4 '/ -f pa 

(9.59) 
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where Tg a is the gravitational energy-momentum tensor 

+v » lPv v* d ^ G -rt G ^ A a A a^ 

+gr]Wr] ^ G -lX 1 ^ C rJ G -lX A a A a f7 

-^^G^G^A^F^ 
-griWrrG-?Al(d a C%)A%, 

+^ p G, lx G-^F^(d a Cl) 
-^ p G~ lx G~^F p i(d a Cl) 
-\v xp G^G^F^{d a Cl) 
+lv Xp G-^G-^F^(d a Cl) 
+±V Xp V' /a g«pG~ 1 *F p i(D x C2) 

+lv up G^G-^F p i(d a C2) ( 9 - 6 °) 

+\^G-^G^G^F^D X CZ) 

-lv Xp G- lv G^G-^F p i(D x C2) 

-\v Xp V ua d,(g a pC p Fp 

-Iv^C^G-^Fp 

+lv up d a (C° x Gp lx Fp 

+iv Xp d,[(G-^G-^G p - <^«)^1 

-T 9 V xp M(G-^G-^G^ - 5»5ffi)Fp 

-\v Kp G^G^G^F p iF: x 

+lv Kp G-^G-^G^F p iFj x 

-lr p V Xa 9a,G-^F^ x 

-^V pp V Xa 9^G-^F p iF; x 

-l^G-^G^G-^F^ 

+ \ri pp G- l »G-^G-^F^F; x . 

The global gravitational gauge symmetry of the system gives out another energy- 
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(9.61) 



momentum tensor which is called inertial energy-momentum tensor, 
7£ =J(C)( ^YG^d^)+r ip V va G^K a pa {d a Al) 

-5^[Y(D v -ig s A u )+m}ij 
+gr ] ^r ] ^G/ x G^A a x A a pa (d a C^ 

-\rf"G^F^{d a CS) 
+\^G-^G-^G^ pa (d a CP) 
-iTpG^G^G'FZidaCg) 
+\^%G-^F^{d a Cg) 

-&trf*Tr9(hK,Fg, 

-\Kv Xp G-^G-^FlFP c 

+l5^G-^G-^FlF p i) . 

Compare eq.(9.60) with eq.(9.61), we can see that the inertial energy-momentum 
tensor is not equivalent to the gravitational energy-momentum tensor. In this case, 
they are not equivalent even when gravitational field vanishes. When gravitational 
field vanishes, the gravitational energy-momentum tensor becomes Tq 9C( , 

n goi = WW - rTrT 'A%(d a A a J + r)" la £ + V ^d^A a a A^), (9.62) 

while inertial energy-momentum tensor becomes T^ ia 

T£ a = Wdoti ' iW A%(d a A<p + 5» a U (9.63) 

Therefore, we have 

TZ ga = TZ ia + r]™d»(A a a A; a ). (9.64) 

But this difference has no contribution on energy-momentum. The spatial integra- 
tion of time component of energy-momentum tensor gives out energy-momentum of 
the system. The inertial energy-momentum P 0ia is 

Poia = J d 3 xT ° a , (9.65) 
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and the gravitational energy-momentum P 0ga is 

Po ga = J d 3 xT° ga . (9.66) 

So, their difference is 

P 0ga ~ P 0ia = -J d 3 xd t (A a a A%) = 0. (9.67) 
It means that, when gravitational gauge field vanishes, equivalence principle holds. 



10 Unification of Fundamental Interactions 

It is know that QED, QCD and unified electroweak theory are all gauge theories. 
In this chapter, we will discuss how to unify these gauge theories with gravitational 
gauge theory, and how to unify four different kinds of fundamental interactions for- 
mally. 

First, let's discuss QED theory [31]. As an example, let's discuss electromagnetic 
interactions of Dirac field. The traditional electromagnetic interactions between 
Dirac field ip and electromagnetic field is 

ApWyf* AiiV A pa - ^( 7 "(0„ - ieA„) + m)i/>. (10.1) 

The Lagrangian that describes gravitational gauge interactions between gravita- 
tional gauge field and Dirac field or electromagnetic field and describes electromag- 
netic interactions between Dirac field and electromagnetic field is 

A) = -^{riD^-ieA^+m^-^^A^A^ 

(10.2) 

where is the gravitational gauge covariant derivative which is given by eq.(5.4) 
and the strength of electromagnetic field A^ is 

A lu , = A lu , + gG- lx A x FZ, (10.3) 
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where A^ v is given by eq.(8.4) and G 1 is given by eq.(5.16). The full Lagrangian 
density and the action of the system are respectively given by, 

C = J(C)jC , (10.4) 
d 4 x C. (10.5) 



The system given by above Lagrangian has both U(l) gauge symmetry and 
gravitational gauge symmetry. Under U(l) gauge transformations, 

4>(x) -> i/>'(x) = e- ta{x) iP{x), (10.6) 

A^x) -> A'^x) = A^x) - ^D^a(x), (10.7) 

C» - C»(x) = C». (10.8) 

It can be proved that the Lagrangian C is invariant under U(l) gauge transformation. 
Under gravitational gauge transformations, 

ij>{x)^i//(x) = {U e i/>(x)), (10.9) 

A,(x) ^ A'^x) = (U e A,(x)), (10.10) 

C,{x) - C'^x) = U e {x)C,{x)U;\x) + -U € (x){djj;\x)). (10.11) 

Using these relations, we can prove that the action S given by eq.(10.4) is invariant 
under gravitational gauge transformation. 

Lagrangian C can be separated into free Lagrangian C F and interaction La- 
grangian Cj, 

C = C F + C Ij (10.12) 

where 

(10.13) 

16'/ 7 'laf3 r 0[Mv r 0pcT g'l r 0p.f3 r 0pa * i'l r 0pa r Qp()i 
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d = ( J(C) - 1) • [-jif»| w Vo^ - $(7^ + m)ij] 
+ie ■ J(C)4>^a^ 

+gJ(C)4>rd a ^C« + gJ(C)n^A ^d a A a 

-\J{C)r)Wr?° A^G-^A^ (10.14) 
_£j { C) V ^G- l «Gp lx A K A x F« u FP a 

-£j(C)rfi>rr {C-C^dMidpA^-C-C^A^dpA,)) 
+ self interaction terms of Gravitational gauge field. 

The traditional Lagrangian for QCD is 

- £ - ^iy) + - ^^4^ ( 10 - 15 ) 

n 

where ip n is the quark color triplet of the nth flavor, A 1 ^ is the color gauge vector 
potential, A 1 is the color gauge covariant field strength tensor, g c is the strong 
coupling constant, X a is the Gell-Mann matrix and m n is the quark mass of the nth 
flavor. In gravitational gauge theory, this Lagrangian should be changed into 

A) = -E„^[7 M pM-^c4f) + m n ]^ n 

-^^9^^ (10.16) 
-\r)^G-^G-^F« v F% 

where 

Kv = K» + 9G; 1X A\F^ (10.17) 
4, = D,Ai - D V A\ + gj.^.t (10.18) 

It can be proved that this system has both SU(3) C gauge symmetry and gravita- 
tional gauge symmetry. The unified electroweak model can be discussed in similar 
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way. 



Now, let's try to construct a theory which can describe all kinds of fundamental 
interactions in Nature [33]. First we know that the fundamental particles that we 
know are fundamental fermions(such as leptons and quarks), gauge bosons(such as 
photon, gluons, gravitons and intermediate gauge bosons W ± and Z°), and possible 
Higgs bosons. According to the Standard Model, leptons form left-hand doublets 
and right-hand singlets. Let's denote 

^R=e R , ^=Hr , ^r ] =tr. (10.20) 

Neutrinos have no right-hand singlets. The weak hypercharge for left-hand doublets 
■ip^ is —1 and for right-hand singlet ip^ is —2. All leptons carry no color charge. 
In order to define the wave function for quarks, we have to introduce Kabayashi- 
Maskawa mixing matrix first, whose general form is, 

Ci S1C3 S 1 S 3 

K = ( -sic 2 cic 2 c 3 - s 2 s 3 e lS c 1 c 2 s 3 + s 2 c 3 e l5 j (10.21) 
sis 2 -C1S2C3 - c 2 s 3 e lS -C1S2S3 + c 2 c 3 e tS 

where 

d = cos9i , Si = sin^ (z = 1,2, 3) (10.22) 

and 6i are generalized Cabibbo angles. The mixing between three different quarks 
d, s and b is given by 

do \ I d 

K I s 1 . (10.23) 

Quarks also form left-hand doublets and right-hand singlets, 

(10.25) 









), «?> 








9< 3) " = 


= 4 




— b 8R 


& = 



Qu ^ — Ur Qu^ — < 'j; <Jii — ' /',- 

„(!)« _ _(2)a 



where index a is color index. It is known that left-hand doublets have weak isospin | 



and weak hypercharge |, right-hand singlets have no weak isospin, qu ^s have weak 
hypercharge | and q^ a s have weak hypercharge — |. 
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For gauge bosons, gravitational gauge field is also denoted by C". The gluon 
field is denoted A^, 

A, = 4y- (10.26) 

The color gauge covariant field strength tensor is also given by eq.(10.18). The 
U(l)y gauge field is denoted by and £77(2) gauge field is denoted by F^ 

F, = , (10.27) 

where a n is the Pauli matrix. The U(l)y gauge field strength tensor is given by 

By, = B, v + gG- lx B x F« u , (10.28) 

where 

= D^B, - D U B^ (10.29) 
and the SU (2) gauge field strength tensor is given by 

= F; v + gG-^F^, (10.30) 

F; v = D,F n v - D y F; + ^ mn F<F7/\ (10.31) 

where g w is the coupling constant for SU{2) gauge interactions and the coupling 
constant for U(1)y gauge interactions is g' w . 

If there exist Higgs particles in Nature, the Higgs fields is represented by a 
complex scalar ££7(2) doublet, 

The hypercharge of Higgs field is 1. 

The Lagrangian C that describes four kinds of fundamental interactions is given 
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by 

C 



where 



- Ej=i nr(D, + y w B, - ig^^jp 

-E;=i^V(^+^) C g) 



- [(D, - ig' w B„ - ig w F^ ■ [(D, - \g' w B, - ig w F^\ 

-/i 2 0t0 + A (0t0)2 

-E^i/ w (^V? ) + ^g ) ) 

- e ■ *=i (/W^2 )a + /f } *^ V<£ )a ) > 




The full Lagrangian is given by 



£ = J(C)£, 



and the action of the system is 



5 




70 



This Lagrangian describes four kinds of fundamental interactions in Nature. 

Now, let's discuss the symmetry of the system. First, let's study SU(3) C symme- 
try. Denote the SU(3) C transformation matrix as U 3 . Under SU(3) C transformation, 
transformations of various fields and operators are: 

^ - 4 3) = 1>%\ (10.37) 

e$^eW = e%\ (10.38) 

<^ a - ti j)a = U 3ab <#> (10.40) 

- %T = U 3ab q% b , (10.41) 

C - _> C« = C« (10.42) 

D^D'^ D„, (10.43) 

A„ - ^ = U 3 A,U^ - —U 3 (D,U, 1 ), (10.44) 

B,^B'^ = B„ (10.45) 
W, -> Wl = W„ (10.46) 
(f>^(j>' = <f>, (10.47) 
J(C) -> J'(C") = J{C). (10.48) 
According to above transformation rules, gauge field strength tensors transform as 

W M „ - = W^, (10.49) 

(10.50) 



f;„ - f;: = f;„, (10.51) 

V - 4, = UsA^Us 1 - ^F^U 3 (d a U^), (10.52) 

fl'c 

A^ - = UzA^Us 1 - (10.53) 

Using all these transformation rules, we can prove that the lagrangian density C is 
invariant. Therefore, the system has strict local SU(3) C gauge symmetry. 

Denote the transformations matrix of SU(2)l gauge transformation as L^. Under 
SU(2)l transformation, transformations of various fields are: 

^-»# ) = rf, (10.54) 
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4 ] ^ef=e%\ (10.55) 

?f' )a - «? )a = ^' )a , (10.57) 

<$* - = ?& )a , (10-58) 

C« _> = C£ (10.59) 

D^D'^ D„, (10.60) 

a m - a; = a m , (lo.ei) 

£? M - = B„ (10.62) 

^ - ^ = U 2 W,U^ - J-[/ 2 (£) (10.63) 

Ww 

0^0' = C/ 2 0, (10.64) 

J(C) -> J'(C") = J(C). (10.65) 
According to above transformation rules, gauge field strength tensors transform as 

-> A;, = A M „, (10.66) 



(10.67) 



- K = (10.68) 
WW - «t = ^W^t^- 1 - ^-F; v U 2 {d a U^), (10.69) 

W M , -> = U 2 W^U 2 -\ (10.70) 

Using all above realtions, we can prove that the action of the system is invariant 
under the above SU{2) L gauge transformations. So, the model has SU(2) L gauge 
symmetry. 

Under U(1)y gauge transformation, transformations of various fields are: 

i> { L -> = e ia(x)/2 (10-71) 
eg) _> e J' } = eg } , (10.72) 

5 0> ^ ^> = e -i«(x)/6 5 0> > ( 10 73 ) 

9« )a -> 5?' )a = e~ 2ia(:r)/3 g<>> (10.74) 
if - = e^^f, (10-75) 
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C a _+ C * = C a (1Q ?6) 

D^D^ = D„ (10.77) 
- A; = Ap, (10.78) 

fi M - # = fi M - -J-p^s)), (10.79) 

^ _ w ; = w^, (lo.so) 

0^0' = e - ia ^/ 2 0, (10.81) 
0^0' = e ia(a;)/2 0, (10.82) 
J(C) -> J'(C') = J(C). (10.83) 
According to above transformation rules, gauge field strength tensors transform as 

(10.84) 

(10.85) 
(10.86) 

B, u -> 5^ = + -f-i^(9 ff a(^)), (10-87) 

-> = B^. (10.88) 

Using all above relations, we can also prove that the action of the system is invari- 
ant under the above U(l)y gauge transformations. So, the model has U(l)y gauge 
symmetry 

Gravitational gauge transformations of various fields are 

^^^ = {U^f), (10.89) 



A 


-> A' 


— A 




-> w 




F° - 

flU 


/if 


= F a 



ej? - = (fc e g>), (10.90) 

q V» ^ q V» = (U tq V»), (10.91) 

9?' )a -«? )o = (^??' )a ), (10.92) 

<ti?^<^ = (10.93) 

C M - C; = E^C^f 1 - l^C/- 1 ), (10.94) 

D^D'^ = U e D^U-\ (10.95) 

A;= (fU M ), (10.96) 
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+ K = 






>K = 


- {u.w, 


<f>- 


-0' = 


0*4), 


0- 


-0' = 


03), 



(10.97) 
(10.98) 
(10.99) 
(10.100) 

J(C) -> J'(C') = J • e J(C)), (10.101) 

^ - ^ = a^a^eW* 1 *), (io-^ 2 ) 

^ - ^ = A^A*^*). (10.103) 
According to above transformation rules, gauge field strength tensors transform as 

A^A^^fU^), (10.104) 

W^^W^ = (f> e W^), (10.105) 
B M „ -> = (£ e B^)- (10.106) 
F« -> i£ = A^ft**), (10.107) 

According to these transformations, the lagrangian density £ transforms covari- 
antly, 

C -> £{, = (10.108) 

So, 

£ -> £' = J • (£/,£). (10.109) 

Using eq.(5.62), we can prove that action 5 is invariant under gravitational gauge 
transfer mat ions , 

S ^ S' = S. (10.110) 
Therefore, the system has gravitational gauge symmetry. 

Now, as a whole, we discuss 

(SU(3) C x SU(2) L x U(1)y) ® s Gravitational Gauge Group 

gauge symmetry. In order to do this, we need define generator operators. The 
generator operators of SU (3) c group are denoted by T 3 j. The SU (3) c transformation 
operator U 3 is defined by 

U 3 = e" iajf ^. (10.111) 

Matrix U 3 is defined by 

U 3 = e ~ iaiv/2 . (10.112) 
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When T 3 j acts on fields, it will becomes the corresponding representation matrix of 
generators. So, 



fnef = 0, 



T a^ a 



_0> 



ab 



111 -I 



ab 



a U)b 
%d 1 



ab 



T 3i (f) = 0, 

[T 3l , qj] = o, 



2 ' 



[T 3J 




= o, 






= o, 


[T 3 , , 




= o, 



, A 



2 ' 



p3i , — 0, 

[T 3l 



W 



0. 



(10.113) 
(10.114) 

(10.115) 
(10.116) 

(10.117) 

(10.118) 
(10.119) 

(10.120) 

(10.121) 
(10.122) 
(10.123) 

(10.124) 

(10.125) 
(10.126) 



The generator operators of SU(2)l group are denoted by T<ii- The SU(2)l transfor- 
mation operator C/2 is defined by 



U 2 



,-ia l T 2l 



(10.127) 



Matrix U 2 is defined by 

U 2 = e - tal(7l/2 . (10.128) 

When T 2 i acts on fields, it will becomes the corresponding representation matrix of 
generators. So, 

(10.129) 



fne® = 0, 



;io.i3o) 
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21 



21 



fWt = 




(10.131) 


T2iq { J )a 


= 0, 


(10.132) 




= 0, 


(10.133) 


T 2 i<P = 


2 r 


(10.134) 


[T21 , C$ = 0, 


(10.135) 


[T21 , A 


J = o, 


(10.136) 


[T21 , B 


/i] = 0, 


(10.137) 


, w lt ] = 




(10.138) 


[T21 , i£J = 0, 


(10.139) 


[T21 , A flu ]=0, 


(10.140) 


[f 2 i , B^] = 0, 


(10.141) 




— w 

2 ' vv 


(10.142) 



The generator operators of U(l)y group are denoted by T\. 2Ti is 
operator. The U(l)y transformation operator U\ is defined by 



Matrix Z7i is defined by 



-iaTi 



-iaY 



where Y is the hypercharge of the corresponding field. When 2Ti 
will becomes the hypercharge of the corresponding fields. So, 



the hypercharge 
(10.143) 

(10.144) 
acts on fields, it 





(10.145) 


fief = ~<® 


(10.146) 




(10.147) 


9 

Tia (j)a = -a U)a 


(10.148) 




(10.149) 
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p=l<p 


(10.150) 


[Ti , 


c;] = 0, 


(10.151) 


[Ti , 


M = 0, 


(10.152) 


[Ti , 


Bfj] = B^, 


(10.153) 


[Ti , 


W^] = 0, 


(10.154) 


[fi , 


f; v ] = 0, 


(10.155) 


[Ti , 


A^] = 0, 


(10.156) 


[Ti , 


^v] = ^>fiv, 


(10.157) 


[Ti , 


W^] = 0. 


(10.158) 


Different generator operators act on different spaces, 


so they commute each other, 




f 2l ] = 0, 


(10.159) 


ft , 


f 3l ] = 0, 


(10.160) 


[fl , 


Pa] = 0, 


(10.161) 


[T21 , 


%} = 0, 


(10.162) 


[f 2l , 


Pa] = 0, 


(10.163) 


[% , 


Pa] = 0. 


(10.164) 



As we have mention before, what generators commute each other does not means 
that group elements commute each other. 

A general element of semi-direct product group 

(SU(3) C x SU{2) L x U(1)y) ® s Gravitational Gauge Group 

is denoted by g(x). It can be proved that the g{x) can be written into the following 
form 

g{x) = t/AWs- (10.165) 

Define quark color triplet states, 



qf 2 I , (10.166) 
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( q^ \ 
\q u J 

( & \ 

(j)2 
Qed 



(10.167) 



(10.168) 



Then, we have the following relations 



-Ql 



rr U) ^ CO 

Tailed = ~^Qed- 

Under gauge transformations of semi-direct product group, various fields 
ators transform as 



^ - 




= iff(x)^), 


Jj) _ 




= (9(x)e$), 


0> 
Ql 


'CO 


= i9(x)q^), 


0> 




= (9(x)q®), 


Qed 


'CO 

-+ Qei 


= (9(x)q^), 



F' —UF IJ^ 1 

1 1X1/ U £ A fJ-V U e ) 



w„. 



B„ 



K = g(x) 
K = 9{x) 



1 



A,-—{D,U^)U, 



W„. 



1 



{D^)U 2 



1 



Ww 

<j>^4>' = {g{x)4>), 
J(C)^J'(C') = J-g(x)J(C)g- 1 (x), 



g-'ix), 
g-\x), 



(10.169) 

(10.170) 

(10.171) 
and oper- 

(10.172) 
(10.173) 
(10.174) 
(10.175) 
(10.176) 

(10.177) 

(10.178) 
(10.179) 

(10.180) 
(10.181) 

(10.182) 

(10.183) 
(10.184) 
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g a(3 g ,ap = ^ a y^ g {x)g a ^g-\x), (10.185) 
9afi - g' ap = A ( ^ 1 Af 1 g(x)r] ai i3 1 g~ 1 (x), (10.186) 
A M „ -> A;, = ^(x)A^- 1 ^), (10.187) 
- = ^W^" 1 ^), (10.188) 
-> B^ = (?(x)B^( ? - 1 (a:). (10.189) 
Using all these relations, we can prove that the action of the system has strict local 

(SU(3) C x SU(2) L x U(1) Y ) ®s Gravitational Gauge Group 
gauge symmetry. 

It is known that, SU(3) C color symmetry and gravitational gauge symmetry 
are strict symmetry. SU(2)l x U(1)y symmetry are not strict symmetry, which is 
broken to U(1)q symmetry. Now, let's discuss spontaneously symmetry breaking of 
the system. The potential of Higgs field is 

-A«V> + A(0 f 0) 2 - (10.190) 

If, 

/i 2 >0, A>0, (10.191) 

the symmetry of vacuum will be spontaneously broken. Suppose that the vacuum 
expectation value of neutral Higgs field is non-zero, that is 

Wo = ( ^ ) ' ( 1(U92 ) 

where, 

j. (10.193) 
After a local SU (2) L gauge transformation, we can select the Higgs field 4>(x) as, 

-&(<>+«*))■ (10 ' 194) 

After symmetry breaking, the Higgs potential becomes, 

V(<p) = + Xvip 3 + ^ 4 - ^, (10.195) 
from which we know that the mass of Higgs field is 2/j, 2 . 
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Define 

W± = ±=(WlTiWl) (10.196) 

Al = cos OwBp + sm6 w W*, (10.197) 

Z^^sm9 w B^-cos9 w W^ (10.198) 

where / 

t g 9 w = (10.199) 
9w 

in eq.(10.197) is the electromagnetic field. Define two mass parameters as 

mw = ^9w, (10.200) 



™z = ly/g$v + g$. (10.201) 

It is known that, in the standard model, mw is the mass of W ± bosons and m z 
is the mass of Z bosons. The coupling constant of electromagnetic interactions is 
denoted by e, 

e^coB<V= 9 r^L_ - (10.202) 
V 9w + 9w 

The current of strong interactions are denoted by J^, 

Z = * (*7*y« + ef^c + fif^t + d-f^d + SYjS + h^bj . (10.203) 

The current of electromagnetic interactions is 

Jem = i (— e7 M e — /ry M /U — f^r + |-u7 M w + \c^c 



;i0.204) 



+\t^t - \d^d - \sYs - \b^b) . 
The currents for weak interactions are 

J w = i ^(^(l + 75)e + ^(l + 75)/i + ^7 At (l + 75)r 

+U7"(1 + lb )d e + cry»(l + 7 5 )s + + 75)6*) , 

J w = ^(^(1 + 75)^ + ^(1+75)^ + ^(1 + 75)^ 



;i0.205) 



(10.206) 



+d e ^(l + 75 )m + s e7 "(l + 75 )c + b e Y{l + 75)0 , 

J» = 4-sm 2 6 w J? m , (10.207) 
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where 

+u L ^u L + c l Ycl + h^t L - d L ^d L - sl^sl - h L l^b L ) . 

(10.208) 

The current for gravitational interactions is 

J$ a = VeLl^d a v eL + v^daV^ + v TL ^d a v Th + e L ^d a e L 

+^LYd a fi L + f L ^d a r L + u L Yd a u L + c L Yd a c L 
+hl^d a t L + d L Yd a d L + s L Yd a SL + b L ^d a b L 

(10.209) 

+e R ^d a e R + pR^dafiR + f R ^d a r R + u R ^d a u R 
+c R 'fd a c R + t R Yd a t R + d 6R ^d a d eR + s eR Yd a s eR 
+b eR Yd a b eR . 

Denote 

J v = -(m e ee+m^fi+m T fT + m u uu+m c cc+m t tt+m d dd (10.210) 
where 

mi = —=fiV, (i = e,fx,r,u,c,t,d,s,b). (10.211) 
V2 
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Then lagrangian density Co can be written into the following form, 

-fi^dn + m M )/i - f (7^ + m T )r - w( 7 ^<9 M + m u )u - c(7 M <9 M + m c )c 
-i(Yd^ + m t )t - d(^d^ + m d )d - s(^d„ + m s )s - 6(7^^ + m b )b 
+g c J^ + g w J^W+ + g w J!^W; - J^J^Z, + eJ^A- + gJ» a C« 
-\n^{D^){D v ip) - \g^rrW+W-{2 V( p + y? 2 ) 
-Ww + g&WZ»Z v {2vip + y? 2 ) - v(<p) - M 

(10.212) 

According to above discussions, before spontaneously symmetry breaking, the 
system has 

(SU(3) C x SU(2) L x U(1) Y ) ® s Gravitational Gauge Group 

gauge symmetry. After spontaneously symmetry breaking, the system has 

(SU(3) C x U(1)q) ® s Gravitational Gauge Group 

gauge symmetry. Four different kinds of fundamental interactions are unified in the 
same lagrangian. So, the lagrangian density C which is given by eq. (10.33) and 
eq. (10.35) can be used to calculate any fundamental interaction process in Nature. 

11 Classical Limit of Quantum Gauge general Rel- 
ativity 

In this chapter, we mainly discuss leading order approximation of quantum gauge 
general relativity, which will give out classical Newton's theory of gravity. 
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When we discuss classical limit of quantum gauge general relativity, we will qual- 
itatively discuss anther important problem at the same time. It is know that, in 
usual gauge theory, such as QED, the coulomb force between two objects which 
carry like electric charges is always mutual repulsive. Gravitational gauge theory is 
also a kind of gauge theory, is the force between two static massive objects attractive 
or repulsive? 

Suppose that the gravitational field is very weak, so that gC® is a first or- 
der infinitesimal quantity. In leading order approximation, both inertial energy- 
momentum tensor and gravitational energy-momentum tensor give the same results, 
which we denoted as T£. The space integration of the time component of the current 
T£ gives out the energy- momentum of the system. First, we discuss classical limit 
of the field equation of gravitational gauge field. Then, we discuss classical limit 
of the Einstein's field equation. We will find that two field equations give out the 
same classical limit, which is what we expected, for these two field equations are 
essentially the same. 

The field equation (5.74) of gravitational gauge field in the leading order is: 

-\d»d,c» a + \&d a ci + \K^cl (11.1) 
-\P a &d fi ce-\9'd a ce + \Tj'>d a d ll c$ = gT£, 

where <9 M = Tf v d v . In order to simplify the above field equation, harmonic gauge will 
be used. In general relativity, the harmonic coordinate conditions are represented 
by 

r 7 = ^r^ = o, (n.2) 

where is given by (5.35). In leading order approximation, it gives out the 
following restriction 

d,C» - d u C» = - VXu d^. (11.3) 
After the harmonic coordinate conditions are considered, eq. (11.1) is changed into 

—rTriap&'d^ - \d^Cl + -fifTd^* = gT». (11.4) 
Multiply both side of the above equation with 5 Q , we can get 

d^Cl = 2gT§. (11.5) 
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Then, eq. (11.4) is changed into 

—rTriap^d^Ci - \d^Cl = g (t» - ±£T|) . (11.6) 

As a classical limit approximation, let's consider static gravitational interactions 
between two static objects. In this case, the leading order component of energy- 
momentum tensor is Tq, other components of energy- momentum tensor is a first 
order infinitesimal quantity. So, we only need to consider the field equation (11.4) 
of v — a — 0, which now becomes 

d^C° = -gTl (11.7) 

For static problems, all time derivatives vanish. Therefor, the above equation is 
changed into 

V 2 C ° = -gTl (11.8) 

This is just the Newton's equation of gravitational field. Suppose that there is only 
one point object at the origin of the coordinate system. Because Tq is the negative 
value of energy density, we can let 



T ° = -M8(x). (11.9) 



Applying 

with r = | x |, we get 



V 2 ^ = -Att5(x), (11.10) 
r 

This is just the gravitational potential which is expected in Newton's theory of grav- 
ity. 

Suppose that there is another point object at the position of point x with mass 
m. The gravitational potential energy between these two objects is that 

V(r) = Jd 3 VH I = -gJ d 3 yT° (x)C° , (11.12) 

with Cq is the gravitational potential generated by the first point object, and T° 
is the (0, 0) component of the energy-momentum tensor of the second object, 

T$ (y) = -mS(y - x). (11.13) 
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The final result for gravitational potential energy between two point objects is 



™ = -^- <"■"> 

The gravitational potential energy between two point objects is always negative, 
which is what expected by Newton's theory of gravity and is the inevitable result of 
the attractive nature of gravitational interactions. 

The gravitational force that the first point object acts on the second point object 

is 

?-W(^-^r, (n,5) 

where f =r jr. This is the famous formula of Newton's gravitational force. There- 
fore, in the classical limit, the gravitational gauge theory can return to Newton's 
theory of gravity. Besides, from eq.(11.15), we can clearly see that the gravitational 
interaction force between two point objects is attractive. 

Now, we want to ask a problem: why in QED, the force between two like electric 
charges is always repulsive, while in gravitational gauge theory, the force between 
two like gravitational charges can be attractive? A simple answer to this fundamen- 
tal problem is that the attractive nature of the gravitational force is an inevitable 
result of the global Lorentz symmetry of the system. Because of the requirement 
of global Lorentz symmetry, the Lagrangian function given by eq.(5.50) must use 
g a/ 3 and rf f ', can not use the ordinary 5-function 5 a p or 5 PP . It can be easily prove 
that, if we use 5 a p or 5 fip instead of g a p or rf p in eq.(5.50), the Lagrangian of pure 
gravitational gauge field is not invariant under global Lorentz transformation. On 
the other hand, if we use 5 a/ 3 or 5^ instead of g a p or rf p in eq.(5.50), the gravita- 
tional force will be repulsive which obviously contradicts with experiment results. 
In QED, 5 a b is used to construct the Lagrangian for electromagnetic fields, therefore, 
the interaction force between two like electric charges is always repulsive. 

Another form of the field equation of gravitational gauge field is the Einstein's 
field equation (5.97) 

R a /3 - ^QapR = -8irGT a/3 . (11.16) 

Now, we discuss its classical limit. Multiply both side of the above equation with 

g a/3 , we get 

R = 8irGTJ. (11-17) 
Therefore, eq. (11.16) can be changed into 

R a p = -^GS aP , (11.18) 
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where 

S a p = T a/3 - -g af3 TJ. (11.19) 
R a /3 is given by eq. (5.40). In first order approximation, it is 
R a p = gd a dpC» - |9 Q 9 A C| - f dpd x C* 

+lv Xu VfS-yd u d x CZ + Iv^Va^dxC; (11.20) 



_9 ri iiv 



2 



rTrifrd v d a Cl - Iv^Va-yd^Cj + {{gC)< 



Applying harmonic coordinate conditions (11.3), we can simplify the above equation 
into 

Rap = 9 ~^^d v d X Cl + ^Vayd u d X CJ. (11.21) 

For classical limit, we only need to consider the field equation (11.18) with a — (5 — 
0, which is 

-gd v d v Cl = -87rGS 00 (11.22) 

Using the following relation 

g 2 = AnG, (11.23) 

Soo = \t 00 = -It* (11.24) 

we can change eq. (11.25) into 

dTd v C* = -gTl (11.25) 

which is the same as eq.(11.7). Therefore, the Einstein's field equation (5.97) gives 
out the same classical limit as that of field equation (5.74), which is what we ex- 
pected. 



12 Path Integral Quantization of Gravitational 
Gauge Fields 

For the sake of simplicity, in this chapter and the next chapter, we only discuss pure 
gravitational gauge field. For pure gravitational gauge field, its Lagrangian function 
is 

-\r p G^G-^J{C)F^ a (12.1) 
+\^ p G-^G-^J{C)F^ a . 
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Its space-time integration gives out the action of the system 

S = J d 4 xC. (12.2) 

This action has local gravitational gauge symmetry. Gravitational gauge field C^ 
has 4 x 4 = 16 degrees of freedom. But, if gravitons are massless, the system has 
only 2x4 = 8 degrees of freedom. There are gauge degrees of freedom in the theory. 
Because only physical degrees of freedom can be quantized, in order to quantize the 
system, we have to introduce gauge conditions to eliminate un-physical degrees of 
freedom. For the sake of convenience, we take temporal gauge conditions 

C a = 0, (a = 0,1, 2, 3). (12.3) 



In temporal gauge, the generating functional W [J] is given by 

W[J] = N J [DC] \J[6(CZ(x))\ exp |i J d 4 *(£ + J£C£), } (12.4) 

where N is the normalization constant, J£ is a fixed external source and [DC] is the 
integration measure, 

3 3 

^ = n n n (^c^vv^) . ^ 

fi=0 a=0 j 

We use this generation functional as our starting point of the path integral quanti- 
zation of gravitational gauge field. 

Generally speaking, the action of the system has local gravitational gauge sym- 
metry, but the gauge condition has no local gravitational gauge symmetry. If we 
make a local gravitational gauge transformations, the action of the system is kept 
unchanged while gauge condition will be changed. Therefore, through local gravita- 
tional gauge transformation, we can change one gauge condition into another gauge 
condition. The most general gauge condition is 

f a (C(x)) - cp a (x) = 0, (12.6) 

where ip a (x) is an arbitrary space-time function. The Fadeev-Popov determinant 
A f (C) [47] is defined by 

A 7 \C) = J[Dg]l[5(frC(x))-^(x)), (12.7) 
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where g is an element of gravitational gauge group, 9 C is the gravitational gauge field 
after gauge transformation g and [Dg] is the integration measure on gravitational 
gauge group 

[Vg] = I[d A e(x), (12.8) 

X 

where e(x) is the transformation parameter of U e . Both [Dg] and [DC] are not 
invariant under gravitational gauge transformation. Suppose that, 



[D(gg')] = Ji(g')[Dg], 

[D *C] = J 2 (g)[DC]. 
Ji(g) and J2G?) satisfy the following relations 

Ji(g)-Mg- 1 ) = l, 

Mg) ■ Mg- 1 ) = 1. 



(12.9) 
(12.10) 

(12.11) 
(12.12) 



It can be proved that, under gravitational gauge transformations, the Fadeev- Popov 
determinant transforms as 



A 1 \°'C) = J^(g')A- 1 (C). 



(12.13) 



Insert eq.(12.7) into eq.(12.4), we get 
W[J] = Nf[Dg]J[DC] [Yla,y^(y))] ■ A f (C) 

■ n p ,J(f P ( 9 C(z))-^(z))] ■ exp {i j d*x(£ + J»C«)} . 
Make a gravitational gauge transformation, 

C(x) -> 9-1 C(x), 

then, 

9 C{x) -> "'^{x). 
After this transformation, the generating functional is changed into 

W[J] = Nf[Dg]f[DC] Ji(^)J 2 (r 1 )-[n Q) /r 1 Q(y))]-A / (C) 
• n fl ,WW)VW)] ■ exp {i f d±x(£ + J£ .s-'CZ)} 



'12.14) 



(12.15) 
(12.16) 



;i2.17) 



Suppose that the gauge transformation go(C) transforms general gauge condi- 
tion fP(C) - </ = to temporal gauge condition Cg = 0, and suppose that this 
transformation go(C) is unique. Then two ^-functions in eq.(12.17) require that the 
integration on gravitational gauge group must be in the neighborhood of g$ 1 (C). 
Therefore eq.(12.17) is changed into 

W[J] = Nj[VC] A f (C).[u p , z S(f(C(z))-^(z))_ 

■exp {i j d A x{£ + J£ - 90 C*)} (12.18) 

■Ug^)Um) ■ f[T> 9 ] [UaJi^cM) 

The last line in eq. (12.18) will cause no trouble in renormalization, and if we consider 
the contribution from ghost fields which will be introduced below, it will becomes 
a quantity which is independent of gravitational gauge field. So, we put it into 
normalization constant N and still denote the new normalization constant as N. 
We also change J£ 90 C® into J^C^, this will cause no trouble in renormalization. 
Then we get 

W[J] = Nf[VC] A f (C).[U p ,Af(C(z))-^(z))} 

(12.19) 

■exp{i J d 4 x(C + J£C£)}. 

In fact, we can use this formula as our start-point of path integral quantization of 
gravitational gauge field, so we need not worried about the influences of the third 
line in eq.(12.18). 

Use another functional 

ex p[~^ J d 4 x W a (x)</(x) j , (12.20) 
times both sides of eq.(12.19) and then make functional integration f[Dip\, we get 
W[J] = N J [DC] A f (C) ■ exp J d*x(£ - + ^)| . (12.21) 

Now, let's discuss the contribution from Af(C) which is related to the ghost fields. 
Suppose that g — U e is an infinitesimal gravitational gauge transformation. Then 
eq.(5.12) gives out 

9 CZ(x) = C°{x) - -B« X, (12.22) 
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where 

(j = 5%d„ - gS^dfs + gd^C*. (12.23) 
In order to deduce eq. (12.22), the following relation is used 

A a p = 5% + dpe a + o(e 2 ). (12.24) 

D M can be regarded as the covariant derivative in adjoint representation, for 

D M e = [D^ , e], (12.25) 

(V,e) a = a e°. (12.26) 
Using all these relations, we have, 

n g C{x)) = r(C) - - [ d 4 y ^gg^ Dg ^(y) + o(e 2 ). (12.27) 
Therefore, according to eq.(12.7) and eq.(12.6), we get 

V(0=/WlI'(-i/^I<.(.w)- ("-28) 



Define 

M a Jx,2/) = -9sF®f a ( g C(x)) 



;i2.29) 



;i2.30) 



Then eq.(12.28) is changed into 

Aj\C) = f[Ve]ll x ,j(-lfa*yM« a (x,yy(y)) 
= const, x (detMy 1 . 

Therefore, 

A f (C) = const, x detM. (12.31) 

Put the above constant into normalization constant, then generating functional 
eq. (12.21) is changed into 

W[J] =N J [DC] detM ■ exp ji j d 4 x(C - ^VapFf + J£C%) } . (12.32) 
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In order to evaluate the contribution from defM., we introduce ghost fields r) a (x) 
and fj a (x). Using the following relation 

J [Dr)][Dfj}exp ji J d 4 xd 4 y f) a {x)M. a p(x, y)r] p (y) J = const, x detM (12.33) 

and put the constant into the normalization constant, we can get 

W[J} = nJ [DC] [Vrj] [Vffiexp |i J d 4 x(C - ^V«pf a f + *jM*7 + J^) } , 

(12.34) 

where f d 4 xr]~Mri is a simplified notation, whose explicit expression is 

J d 4 xf]Mn = J d 4 xd 4 y fj a (x)M a p (x,y)r^(y). (12.35) 

The appearance of the non-trivial ghost fields is a inevitable result of the non-Able 
nature of the gravitational gauge group. 

Set external source J£ to zero, we get, 

W[0] = N J [DC}[Drj}[Dfj}exp^i J d 4 x{C - f + vM V ) j , (12.36) 

Now, let's take Lorentz covariant gauge condition, 

/"(C) = d"C£. (12.37) 

Then 

J d 4 xfjMri = - J d 4 x (d^fjaix)) p {x)rf{x). (12.38) 
And eq. (12.36) is changed into 

W[0] = N J [DC][Dr)}[Dfj}exp |i | d 4 a;(£ - ^Va?f a f ~ (d»f}a)T>$ X)} • 

(12.39) 

For quantum gauge general relativity, the external source of gravitational gauge 
field should be introduced in a special way. Define the generating functional with 
external sources as 

W[J,(3J] = NfiVCjiVnjiVfjjexpiifd'xiC-^rfP 



-(d"77a)D» X + (*) J 0/3 + ^ + Atf ' 
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(12.40) 



~M7 

where S ap (x) is defined by 

~A*7 /\ 1 ~7 ~M7 ~ \ 

<W (*) = 2 (*p ( x ) ^ 77 ( x ) ^ W J , 

and 



r^j^l ^M7 ~ 

In the above definition, 5 (x), ^ (x) and (x) are defined by 



□ + ie' 

~M7 <9^<9 7 
77 ( x ) = 7^7 - 



□ + ie' 



^7 (^J = ?/Vy ~~ 



□ + ie' 
where 

□ ^ ,9 2 = = 77""^. 
Using these relations, we can prove that 

J a = 8 a v J/3- 



The effective Lagrangian £ e // is defined by 

1 



Ceff = C- T^^rf - (^ a )D2 G rf. 

C e ff can separate into free Lagrangian Cp and interaction Lagrangian 1 

£eff = £.F + £l, 

where 

Cj = +g(d»fja)CP(dpr) a ) - g{d»%){d a C$Tf 

+ se// interaction terms of Gravitational gauge field. 
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From the interaction Lagrangian, we can see that ghost fields do not couple to J(C). 
This is the reflection of the fact that ghost fields are not physical fields, they are 
virtual fields. Besides, the gauge fixing term does not couple to J(C) either. Using 
effective Lagrangian £ e //, the generating functional W[J,f3,0\ can be simplified to 

W[J,PJ}=N J [VC}[Dr)}[Dfj}exp{i J d 4 x(£ eff + + fj a p a + p aV c 



;i2.52) 



Using eq.(12.50), we can deduce propagator of gravitational gauge fields and 

ghost fields. First, after a partial integration, we change the form of eq. (12.50) into 

J d A xC F = J d'x ^CpS.^(x)CS + , (12.53) 

where the operator M^(x) is defined by 

M5(*) = krTriaf&d,, - |^(1 - J)cW - \5^d a 

+¥pKd p d p - + \^d a (12.54) 

Denote the propagator of gravitational gauge field as 

-<A^(x), (12.55) 
and denote the propagator of ghost field as 

-iA Ff3 (x). (12.56) 

They satisfy the following equation, 

-M5(i)A^(i) =Z] (x)S(x), (12.57) 



d 2 A%(x) = 5%8(x), (12.58) 



where 5 (x) is defined by (12.41). 



Make Fourier transformations to momentum space 

14 



KU X ) = / (^4 £t (*) • e*°, (12-59) 
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= |^A; (*) • e fa , (12.60) 



where A F „„ (k) and (k) are corresponding propagators in momentum space. 
They satisfy the following equations, 

-MJJ A F , P (k) =5 ap , (12.61) 

fc 2 A^ (k) = dg, (12.62) 
where the operator is defined by 



A 

_ 4' 



±tTW 2 - 1^(1 - ±)kW - \6%k"k a 
-\rrhahf, - \5^k 2 + i^"^> 

~M7 

and £ Qp is defined by 



<W=<W W = 2 K 5 " + 77 ^pj- ( 12 - 64 ) 
The operator has the following symmetric property 



;i2.63) 



M% = M;i (12.65) 



In the above relation, <5 p , ?7 and are defined by 

S - ( 12 - 66 > 

r= T - (12-67) 

%■,= r,„ - j^-. (12.68) 

It can be easily proved that 5 P , V , V^, 5%, rf 1 and 77^ satisfy the following 
relations: 

»7 V=^> ( 12 - 69 ) 
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ru ~|U 


(12.70) 


~M7 ~M 


(12.71) 


5 1 5 U =5 U , 


(12.72) 


5^ 5 V =5 V , 


(12.73) 


5 7 <5J =<^,, 


(12.74) 


ruflru~fV ruflU 

5^ =V , 


(12.75) 




(12.76) 


rutlV 

5,V V/ =V , 


(12.77) 


^7 ~ ru 


(12.78) 




(12.79) 


^/i ^7^ ^/iV) 


(12.80) 


K 'lnv— U, 


^IZ.ol ) 


k^V =0, 


(12.82) 


fc" ^ = o, 


(12.83) 


fc„ £„= 0. 


(12.84) 


~M7 





Using all these relations, we can prove that S ap satisfies the following relation 

~M7 ~P/3 ~M/3 

S ap ■ 5 lv —8 av • (12.85) 



The solutions to the two propagator equations (12.61) and (12.62) give out the 
propagators in momentum space, 



-i A FfMU (k) 



—i 



k 2 — it 

ru a 

-i A Fp (k) 



ru ruClfi ruflruCt ruCX ru/3 



—I 



k 2 — ie 



(12.86) 
(12.87) 
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The forms of these propagators are quite beautiful and symmetric. A FfJill (k) satisfies 
the following relation 

~ a/3 ~ a-y 

A F , U (k)- 6 Pp =A Flip (k). (12.88) 
Its Fourier transformation gives out the following relation 

£(^At(^^». (12.89) 

The above solution (12.86) is not the most general solution to equation (12.61). The 
most general solution to the equation (12.61) is 



~ a/3 

-iA Flu ,(k) = 



z £» v z v K — te * Hk^ — ie 



(12.90) 



(fc 2 _j e )2 

where parameters ci, C2, C3, C4 and C5 satisfy the following restriction 

d + c 2 = 2, (12.91) 

c 3 + C4 + c 5 = -l. (12.92) 
Set ci = c 2 = c 5 = 1 and c 3 = c 4 = —1, we got the solution (12.86). 

The interaction Lagrangian Ci is a function of gravitational gauge field and 
ghost fields rf and fj a , 

C I = C I (C,r ] ,r ] ). (12.93) 

Then eq.(12.52) is changed into, 

W[J,(3j] = N J[VC\[Drj\[Dfj] exp {i J d 4 xd(C,ri,fj)} 

•exp / dM£ F + J£C« + + p aV a ) } (12 . 94 ) 
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where 



W [J, pj] = Nf [DC] [Vrj\ [Dv]exp {if d 4 x (C F + J£C« + fj a (3 a + (3 a r] a ) } 
= N J[VC] [Vrj] [Vfj]exp {i f d 4 x (±C£M^(a;)C£ + f} a d 2 r] a 

= exp {iff d^y [^(x)A F %(x - y)J%(y) 
+ (3 a {x)A F/3 (x - 

y)^(y)]}- 

(12.95) 

In order to obtain the above relation, eq. (12.47) is used. 

The interaction Feynman rules for interaction vertices can be obtained from 
the interaction Lagrangian Cj. For example, the interaction Lagrangian between 
gravitational gauge field and ghost field is 

+g{d^ a )C^t) - g(d»fja)(d„CZ)r)°. (12.96) 

This vertex belongs to C^{k)fjp{q)rj 5 {p) three body interactions, its Feynman rule is 

-igSfrpa + igSfrh. (12.97) 

Feynman rules for other interaction vertices can be obtained similarly. We will not 
calculate Feynman rules for all kinds of interaction vertices here. For interaction 
vertices which involve in gravitational gauge field, we can find that all Feynman 
rules for interaction vertices are proportional to energy-momenta of one or more 
particles, which is one of the most important properties of gravitational interac- 
tions. In fact, this interaction property is expected for gravitational interactions, 
for energy-momentum is the source of gravity. 



13 Renormalization 

In the quantum gauge general relativity, the gravitational coupling constant has 
the dimensionality of negative powers of mass. According to traditional theory of 
power counting law, it seems that the quantum gauge general relativity is a kind of 
non-renormalizable theory. But this result is not correct. The power counting law 
does not work here. General speaking, power counting law does not work when a 
theory has gauge symmetry. If a theory has gauge symmetry, the constraints from 
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gauge symmetry will make some divergence cancel each other [48, 49, 50, 51, 52, 53]. 
In the quantum gauge general relativity, this mechanism works very well. In this 
chapter, we will give a strict formal proof on the renormalization of the quantum 
gauge general relativity. We will find that the effect of renormalization is just a 
scale transformation of the original theory. Though there are infinite number of 
divergent vertexes in the quantum gauge general relativity, we need not introduce 
infinite number of interaction terms that do not exist in the original Lagrangian and 
infinite number of parameters. All the divergent vertex can find its correspondence 
in the original Lagrangian. Therefor, in renormalization, what we need to do is not 
to introduce extra interaction terms to cancel divergent terms, but to redefine the 
fields, coupling constants and some other parameters of the original theory. Be- 
cause most of counterterms come from the factor J(C), this factor is key important 
for renormalization. Without this factor, the theory is non-renormalizable. In a 
word, the quantum gauge general relativity is a renormalizable quantum gauge the- 
ory. Now, let's start our discussion on renormalization from the generalized BRST 
transfer mat ions . 

The generalized BRST transformations are 

8C$ = --D*ftf8\ (13.1) 
§rf = gri° (d a r] a )SX, (13.2) 

5fj a = -VapfSX, (13.3) 
a 

brf v = 0, (13.4) 

fyap = 9 (gaa(dpri a ) + g a p{d a r] a ) + r] u (d a g a p)) 5X, (13.5) 

where 5 A is an infinitesimal Grassman constant. It can be strict proved that the 
generalized BRST transformations for fields C° and r] a are nilpotent: 

<5(D£ prf) = 0, (13.6) 

S(v a (d*V a )) = 0. (13.7) 
It means that all second order variations of fields vanish. 



Using the above transformation rules, it can be strictly proved that the general- 
ized BRST transformation for gauge field strength tensor F£ v is 

8F£, = g [-{d a t)F; u + if(d a Fp] 5\, (13.8) 
and the transformation for the factor J(C) is 

8J{C) = g [(d aV a )J(C) + v a (d a J(C))] SX. (13.9) 
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Therefore, under generalized BRST transformations, the Lagrangian C given by 
eq.(12.1) transforms as 

5C = g(d a (r ] a C))5\. (13.10) 

It is a total derivative term, its space-time integration vanish, i.e., the action of 
eq.(12.2) is invariant under generalized BRST transformations, 



SS = 5\^J d 4 xCj =0. (13.11) 
On the other hand, it can be strict proved that 

6 (^^^ + X ) = °" (13 ' 12) 



The non-renormalized effective Lagrangian is denoted as C e ff- It is given by 

4// = L- ^ptf + V a d»V« X- (13.13) 
The effective action is defined by 

Sf„ = I ,l'xC» r (13.14) 

Using eqs.(12.11 - 13.12), we can prove that this effective action is invariant under 
generalized BRST transformations, 

SSf} f = 0. (13.15) 

This is a strict relation without any approximation. It is known that BRST symme- 
try plays key role in the renormalization of gauge theory, for it ensures the validity 
of the Ward-Takahashi identity. 

Before we go any further, we have to do another important work, i.e., to prove 
that the functional integration measure [DC] [Drj] [Dfj] is also generalized BRST in- 
variant. We have proved before that the functional integration measure [DC] is not a 
gauge invariant measure, therefore, it is highly important to prove that [DC] [Drj] [Dfj] 
is a generalized BRST invariant measure. BRST transformation is a kind of trans- 
formation which involves both bosonic fields and fermionic fields. For the sake 
of simplicity, let's formally denote all bosonic fields as B = {B{\ and denote all 
fermionic fields as F = {Fi}. All fields that are involved in generalized BRST trans- 
formation are simply denoted by (B,F). Then, generalized BRST transformation 
is formally expressed as 

(B,F) - (B',F'). (13.16) 
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The transformation matrix of this transformation is 





dBi \ 




( dB 'j 


8F{ \ 






dF k 




\ aB 'i 


BF> ) 





J= I a3 m ! = (13-17) 



where 



(13.18) 
(13.19) 

« = ( S ) > ( 13 - 2 °) 



05< 

a*? 



/>=(§). (13.21) 

Matrixes a and 6 are bosonic square matrix while a and (5 generally are not square 
matrix. In order to calculate the Jacobian det(J), the above transformation (13.16) 
is realized in two steps. The first step is a bosonic transformation 

(B,F) - (B',F). (13.22) 

The transformation matrix of this transformation is denoted as Ji, 

Ji = ( a " o 6_1/3 T ) • ( 13 - 23 ) 

Its Jacobian is 

cfet Ji = cfet(a - afc -1 /?). (13.24) 

Therefore, 

[H dB H dF k= f\[&B[\[AF k -det(a-ab- l p). (13.25) 

The second step is a fermionic transformation, 

(B',F) -»• (B',F'). (13.26) 
Its transformation matrix is denoted as J 2 , 

J>=(l° b )- (13-27) 
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Its Jacobian is the inverse of the determinant of the transformation matrix, 

(det J 2 y l = (det ft)" 1 . (13.28) 
Using this relation, eq. (13.25) is changed into 

[Yl dB iYl dF k= [ YldB^YldF^ det(a- ab~ 1 p)(detb)- 1 . (13.29) 

i k i k 

For generalized BRST transformation, all non-diagonal matrix elements are pro- 
portional to Grassman constant 5X. Non-diagonal matrix a and (5 contains only 
non-diagonal matrix elements, so, 

ab^(3 oc (5X) 2 = 0. (13.30) 

It means that 

/ n dB * n dFk = fn ^ n ^ ■ ■ ^ ( i3 - 31 ) 

J i k J i k 

Generally speaking, and d v C^ are independent degrees of freedom, so are r/ a and 
d v if. Using eqs.(13.1 - 13.3), we obtain 

(deta- 1 ) = det[(5% + g(dpri a )5\)5Z] 

(13.32) 

(detb- 1 ) = det[(5% + g{d p ri a )5\)5]} 

(13.33) 

In eq. (13.33), 5] comes from contribution of ghost fields fjs- Using these two rela- 
tions, we have 

det(a) ■ (det b)' 1 = JJ 1 = 1 (13.34) 

X 

Therefore, under generalized BRST transformation, functional integrational mea- 
sure [DC] [Drj] [Dfj] is invariant, 

[VC\[T>r,][Dfj] = \VC'\[Vrl\\Vfl\. (13.35) 

Though both [DC] and [Drj\ are not invariant under generalized BRST transforma- 
tion, their product is invariant under generalized BRST transformation. This result 
is interesting and important. 
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The generating functional W'°1[J] is 

- Nfrnmm** {if**v%, + ^} . (13.36) 



where the external source J£ satisfies the following restriction 



Jtt =C Jp- (13-37) 



Because 



J dr) /3 dfj a • fj a • /(??, fj) = 0, (13.38) 
where f(r),fj) is a bilinear function of 77 and 77, we have 

[DC] [DrjjiVfj] ■ ■ exp |< | d 4 y(4//(y) + J£(y)C;(y))j = 0. (13.39) 

If all fields are the fields after generalized BRST transformation, eq. (13.39) still 
holds, i.e. 

J [VC\[Vrf][Vff\ ■ fj' a (x) ■ exp ji J dty<N (y) + J£ (</)<?>))} = 0, (13.40) 

where £'J^ is the effective Lagrangian after generalized BRST transformation. Both 

functional integration measure and effective action J d 4 yjC'^(y) are generalized 
BRST invariant, so, using eqs.(13.1 - 13.3), we get 

f[DC}[Dr)}[Dfj} [±f"(C{x))6\ - ir{C{x)) f^z{Jg{z)T)^(z)rf(z)SX)] 
.exp{ifd*y(£® f (y) + J£(y)C«(y))} = 0. 

(13.41) 

This equation will lead to 



a \i SJ(x) 
where 



W®[J] - J d'y Jj(i/)Dj, (jjj^j W^[y,x,J] = 0, (13.42) 



WW°°[y,x,J] = Ni J[VC][Dr 1 ][Dfj]fj a (xX(y)exp^ J d A z{Cf if + J£C£) 

(13.43) 

This is the generalized Ward-Takahashi identity for generating functional W^°1[J]. 
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Now, let's introduce the external sources of ghost fields, then the generation 
functional becomes 

[J, (3J]=nJ [DC] [Drj] [Vfj]exp ji J d 4 x(C [ ^ ff + J»C« + fjaP a + M } , 

(13.44) 

In renormalization of the theory, we have to introduce external sources K£ and L a 
of the following composite operators, 

D^/ , grf(d rf*). (13.45) 

Then the effective Lagrangian becomes 

~[o] 



= C [ °} f + KZT>« p r ] P + gL a r l °(d*r ] a )- 

Then, 



;i3.46) 



S 0] [C,r,,fj,K,L] = j d*x£°\c,r,,fj,K,L). (13.47) 
It is easy to deduce that 

~[o] 

4»=V>*, (13-48) 

„[0] 

= g^idX)- (13.49) 
The generating functional now becomes, 

WW [J, [3, P,K,L}=N J [VC] [Vrj] [Vfj]exp |i J d A x(c° ] +J»C« + fj a p a + p aV a ) } • 

(13.50) 

In previous discussion, we have already proved that S^Jf is generalized BRST in- 
variant. External sources Kg and L a keep unchanged under generalized BRST 

transformation. Using nilpotent property of generalized BRST transformation, it is 

~[o] 

easy to prove that the two new terms K£D°pT)P and gL a r] cr (d a r] a ) i n C are also 
generalized BRST invariant, 

KKK^) = °> ( 13 - 51 ) 

S(gLX(daV a )) = 0. (13.52) 
Therefore, the action given by (13.47) are generalized BRST invariant, 

~[o] 

5S =0. (13.53) 
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It gives out 

c -i ~[o] 
+±f°(C(x))6\ 1Rj fe} S =0. 

Using relations (13.48 - 13.49), we can get 



(13.54) 



/ ^ «(x) SCfrx) + 5l!(x) + \ nC{x)) ti(x) = °" (13 - 55) 



On the other hand, from (13.46 - 13.47), we can obtain that 

40] 



5rj a (x) 

Combine (13.48) with (13.56), we get 



& (D); ,//'(./•)) . (13.56) 



~[o] 

Ss =r[Ur-A- 03.57) 



5i] a (x) \ 5K£(x) 



In generation functional [J, (3, f3, K, L], all fields are integrated, so, if we set 
all fields to the fields after generalized BRST transformations, the final result should 
not be changed, i.e. 

W° ] [J, (3, (3, K, L] = N J [DC] [TV] [Dff] 

(13.58) 

• exp {i f d 4 x(£[°] (C, T)', fj', K, L) + J£C'« + fj'J a + M a ) } . 

Both action (13.47) and functional integration measure [DC] [Drj] [Dfj] are generalized 
BRST invariant, so, the above relation gives out 



r / ~io] _ ~[o] 

J [DC] [Drj] [Dfj] |i / d 4 x - p a jjfa + Ir^r/T 

•exp / d 4 y(£[°] (C, 77, 77, L) + J£C« + ry^/?- + } = 0. 



(13.59) 
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On the other hand, because the ghost field fj a was integrated in [J, (3, (3, K, L], 
if we use fj' a in the in functional integration, it will not change the generating func- 
tional. That is 

W° ] [J, (3, 0, K, L] = NJ[VC] [Vrj] [Vfj'\ 

(13.60) 

• exp {i f d 4 x(£[°] (C, rj, ff, K, L) + J£C« + f]' a (3 a + p aV a ) } . 
Suppose that 

Va =f ja + 5fj a . (13.61) 
Then (13.60) and (13.50) will gives out 

f[DC}[Dr)}[Dfj} {f^x6U^ + P a ^)) 

(13.62) 

■exp {i f d 4 y(£[°](C, 77, 77, K, L) + J»C« + fj a P a + fa")} = 0. 
Because 5fj a is an arbitrary variation, from (13.62), we will get 

40] \ 

(13.63) 

■exp {i J dM£ [0] (C, V, V, K, L) + J»C« + fj a (3 a + PaV a )} = 0. 



The generating functional of connected Green function is given by 

~[o] _ ~[0] 

Z [J, (3, (3, K, L] = -i In W [J, (3, (3, K, L]. (13.64) 

After Legendre transformation, we will get the generating functional of irreducible 

~[o] 

vertex r [C,r),r),K,L], 

~ [o] ~ [o] 

T [C,fj,ri,K,L] = Z [J,(3J,K,L] 

(13.65) 

- j^x^c^ + n^ + p a r)- 

~[o] 

Functional derivative of the generating functional Z gives out the classical fields 

C°, rf and fj a , 

CI = ^ (13.66) 
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Then, functional derivative of the generating functional r gives out external sources 
J£, P a and p a } 

~[0] 

" V = (13-69) 



*3 

~[0] 

J^- = Pa, (13.70) 

~[0] 

5 r 

= -/T. (13.71) 

bria 

Besides, there are two other relations which can be strictly deduced from (13.65), 



~[°1 ~[o] 
5 r 5 Z 



5KH 5KZ ' 
Mo] ~[o] 

(5 r _ 5 z 



It is easy to prove that 

1 £) ex p i i I d V£ [0] v, n, k, l) + j^c; + rj a p a + p a r) } 

= 5K^ ex P i l I d 4 y(£ [0] (C, V, % K, L) + J»C« + fj a P a + PaV a )} , 

~[0] 

;J^-exp {t J d 4 y(£[°](C, 77, 77, L) + J£C° + 77^ + fa")} 



[13.72) 
[13.73) 



[13.74) 



13.75) 



8L a (x) 

= sAr) ex P i l I dA y( Cm (<?> V, V, K, L) + J£C« + 77^ + p a rf) } . 
Use these two relations, we can change (13.59) into 

f[vc\[THm {i^ + ^«*n\^)P°(x))} 

■exp {1 J d 4 2/ (£M (C, 77, 77, X, L) + J£C« + fj a 0° + PaV a ) } = 0. 

(13.76) 
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Using relations (13.69 - 13.71) and definition of generating functional (13.58), we 
can rewrite this equation into 

„[0] ~[0] ~[o] ~[o] . ~[o] ^ 

S «(x) 5C«(x) 5L Q (x) 6ri*(x) + a w V^-W / [ 

(13.77) 

Using (13.64), we can obtain that 



SW . 5T -PI 

^TT^TTT ^ , (13.78) 



«(x) <K(a;) 

~ [0] ~[0] 

SW . 5V ~[o] 

= 2 ITTT ^ • 13.79 

Then (13.77) is changed into 

{~[0] ~[0] ~[0] ~[0] ~[0] ^ 

5K£(x) 5C*(x) 5L a (x) 5r] a (x) a or] a (x) I 

Using (13.57) and (13.74), (13.63) becomes 
f[VC\[VT,][Vfj] [-W^ + Fix) 

■exp {i f d 4 y(£[°l (C, 77, 77, X, L) + J£C« + fj a (3 a + (3 aV a ) } = 0. 

In above equation, the factor — id 11 SK i^ + (3 a {x) can be moved out of functional 
integration, then (13.81) gives out 

d "iKm = 6Ux)- (13 - 82) 

In order to obtain this relation, (13.58), (13.78) and (13.71) are used. 
Define 

f M [C, 77, 77, K, L] =r ° ] [C, 77, V ,K,L} + ^-J d 4 x VaP rf (13.83) 
It is easy to prove that 

sr [°i 5 r 01 

(13.84) 



(13.81) 



«(x) «(x)' 
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ST 


SL a (x) 


5L a (x)' 


ST® 


-PI 

5 r 


Srj a (x) 


5r) a (x) ' 


SfM 


~[0] 


5fj a (x) 





(13.85) 
(13.86) 
(13.87) 



a r i 

-^Z". (13-88) 



Using these relations, (13.82) and (13.80) are changed into 



= (13.89) 

6K£(x) SCfa) + 5L a (x) 8 V <*(x) J (13 ' 90) 

Eqs. (13.89 - 13.90) are generalized Ward-Takahashi identities of generating func- 
tional of regular vertex. It is the foundations of the renormalization of the quantum 
general relativity. 

~[°] 

Generating functional r is the generating functional of regular vertex with 

~[o] 

external sources, which is constructed from the Lagrangian C e /f- It is a functional 
of physical field, therefore, we can make a functional expansion 

T = Jin I 8C%l{xiy-8C%{x n )\ C= ^=°^%( Xl ) ' ' ' C »n( X n)d • • • d X n 

~[0] 

_i_ v f 52 He 1 

^Z^nJ &n h (yi) & ^{y2) scZKx^-scZixn) \ c =v=v=o (13.91) 

• V^(yi)v P2 (y2)C^(x 1 ) ■ •■C£(x n )d*y 1 d*y 2 d*x 1 ■ ■ -d*x n 
+ ■■■■ 

In this functional expansion, the expansion coefficients are regular vertexes with 
external sources. Before renormalization, these coefficients contain divergences. If 
we calculate these divergences in the methods of dimensional regularization, the 
form of these divergence will not violate gauge symmetry of the theory [55, 56]. 
In other words, in the method of dimensional regularization, gravitational gauge 
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symmetry is not violated and the generating functional of regular vertex satisfies 
Ward-Takahashi identities (13.89 - 13.90). In order to eliminate the ultraviolet 
divergences of the theory, we need to introduce counterterms into Lagrangian. All 
these counterterms are formally denoted by SC. Then the renormalized Lagrangian 
is 

~ ~[o] 

C ef f=C eff +SC. (13.92) 

Because SC contains all counterterms, Ceff is the Lagrangian density after renor- 

malization. The generating functional of regular vertex which is calculate from Ceff 

is denoted by T- The regular vertexes calculated from this generating functional 

T contain no ultraviolet divergence anymore. Then let external sources K£ and 
L a vanish, we will get generating functional Y of regular vertex without external 
sources, 

T =r \k=l=o. (13.93) 
The regular vertexes which are generated from T will contain no ultraviolet di- 
vergence either. Therefore, the S-matrix for all physical process are finite. For 
a renormalizable theory, the counterterm SC only contain finite unknown parame- 
ters which are needed to be determined by experiments. If conterterm SC contains 
infinite unknown parameters, the theory will lost its predictive power and it is con- 
ventionally regarded as a non-renormalizable theory. Now, the main task for us is to 
prove that the conterterm SC for the quantum gauge general relativity only contains 
a few unknown parameters. If this goal was reached, we will have proved that the 
quantum gauge general relativity is renormalizable quantum gravity. 

Now, we use inductive method to prove the renormalizability of the quantum 
gauge general relativity. In the previous discussion, we have proved that the gen- 
erating functional of regular vertex before renormalization satisfies Ward-Takahashi 
identities (13.89 - 13.90). The effective Lagrangian density that contains all coun- 

~ [L] 

terterms which cancel all divergences of /-loops (0 < I < L) is denoted by £ . r 

~[L] 

is the generating functional of regular vertex which is calculated from C ■ The 

regular vertex which is generated by r will contain no divergence if the number 

of the loops of the diagram is not greater than L. We have proved that the gener- 
al 

ating functional r satisfies Ward-Takahashi identities if L = 0. Hypothesis that 
Ward-Takahashi identities are also satisfied when L = N, that is 

5?[N] 5?[N] 

^Tt7FT~\ = T-rv ( 13 - 94 ) 

. r sm sm sm sm \ _ 

d X \SKZ(x) 6C$(x) + SL a (x) 8rf{x) j (13 ' 95) 
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Our goal is to prove that Ward-Takahashi identities are also satisfied when L = N+l. 



Now, let's introduce a special product which is defined by 

y \ (JC«(a;) SL a (x) 5r) a (x) J 

Then (13.95) will be simplified to 

f M * f M = o. (13.97) 

f contains all contributions from all possible diagram with arbitrary loops. The 
contribution from /-loop diagram is proportional to H . We can expand f 1 ^ as a 
power serials of h l , 

m = J2^M\ (13-98) 

M 

where f ^ is the contribution from all M-loop diagrams. According to our inductive 
hypothesis, all are finite is M < N. Therefore, divergence first appear in f 
Substitute (13.98) into (13.97), we will get 

^^ M+L f£Uff ] =0. (13.99) 

M,L 

The (L + l)-loop contribution of (13.99) is 

N+l 

£ r M * m + i = 0. (13.100) 

M=0 

can separate into two parts: finite part f^| ljF and divergent part r^J_ 1(fc) , 
that is 

?w _fM + r im (131011 

jV+1 N+1,F ' N-\-l y div' {LO.LUL) 

^jv+i dra * s a divergent function of (4— D) if we calculate loop diagrams in dimensional 
regularization. In other words, all terms in f^L div are divergent terms when (4 — D) 
approaches zero. Substitute (13.101) into (13.100), if we only concern divergent 
terms, we will get 

T [N] p [N] p [N] p [V] _ M3 1021 

f jv+i i? has no contribution to the divergent part. Because fjf^ represents contribu- 
tion from tree diagram and counterterms has no contribution to tree diagram, we 
have 

r|f ] = rf. (13.103) 
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Denote 

r = T[ N] =S 0] +i- J d'xrj^rf. (13.104) 
Then (13.102) is changed into 

f [ N ] +1 , div * r + r * Tf +14lv = o. (13.105) 

Substitute (13.98) into (13.94), we get 

ST lN] ST lN] 

^^£±1 = Pt\- (13-106) 
6K£(x) 5r] a (x) 

The finite part r^J^ F has no contribution to the divergent part, so we have 

5T [N] 5T [N] 

^^tSt? = TT'f- (13.107) 
8K£(x) Sfj a (x) 



The operator g is defined by 

a = f H V f Co g I STq 5 

, _i£o__5_ , _5£o__5_\ 

t «(^) SC£(x) 8 V °>{x) 5L a (x) ] • 

Using this definition, (13.105) simplifies to 



(13.108) 



9F [ Zi, d i V = 0. (13.109) 



It can be strictly proved that operator g is a nilpotent operator, i.e. 

g 2 = 0. (13.110) 

Suppose that f[C] is an arbitrary functional of gravitational gauge field which 
is invariant under local gravitational gauge transformation. f[C] is invariant under 
generalized BRST transformation. The generalized BRST transformation of f[C] is 

W = -/d 4 -^D>^ (13.111) 
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Because 5X is an arbitrary Grassman variable, (13.111) gives out 

™ = - J (13 ' 112) 

Because f[C] is a functional of only gravitational gauge fields, its functional deriva- 
tives to other fields vanish 



Sf[C\ 
5K£(x) ' 


(13.113) 


SL a (x) 


(13.114) 


5r] a (x) 


(13.115) 



Using these relations, (13.112) is changed into 

6f[C]=gf[C}. (13.116) 

The generalized BRST symmetry of f[C] gives out the following important property 
of operator g, 

gf[C] = 0. (13.117) 



Using two important properties of operator g which are shown in eq.(13.110) 
and eq.(13.117), we could see that the solution of eq.(13.109) can be written in the 
following form 

f^| Mro = AC] +gf[C,V,V,K,L], (13.118) 

f[C] is a gauge invariant functional and f'[C, rj, fj, K, L] is an arbitrary functional of 
fields C°(x), r/ a (x), fj a (x) and external sources K£(x) and L a (x). 

Now, let's consider constrain from eq.(13.106). Using eq.(13.113) and eq.(13.115), 
we can see that f[C] satisfies eq.(13.106), so eq.(13.106) has no constrain on f[C}. 
Define a new variable 

BZ = KZ-d^ a . (13.119) 
fi[B] is an arbitrary functional of B. It can be proved that 

sm_ _ mm (13 120) 

Sfja(x) 5B£(x) 1 ; 
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Combine these two relations, we will get 

There fi[B] is a solution to eq.(13.107). Suppose that there is another functional f 2 
that is given by, 

f 2 [K,C,r l ,L] = J d'x K^(C,r,,L), (13.123) 



where T.f is a conserved current 



<9% Q = 0. (13.124) 



It can be easily proved that f 2 [K, C, 77, L] is also a solution of eq.(13.106). Be- 
cause f satisfies eq.(13.107) (please see eq.(13.89)), operator g commutes with 
Sfjl^) ~~ ^ &k\x) ■ ^ means that functional /'[C, 77,77, K, L] in eq.(13.118) must sat- 
isfy eq.(13.107). According to these discussion, the solution of /'[C, 77, 77, K, L] has 
the following form, 

f'[C,ri,n,K,L]=f 1 [C,ri,KZ-d*fj a ,L] + J d 4 x K£T^(C, 77, L). (13.125) 



In order to determine f'[C,r),r),K,L], we need to study dimensions of various 
fields and external sources. Set the dimensionality of mass to 1, i.e. 



Then we have 



D[P^] = 1. (13.126) 

D[C%] = 1, (13.127) 

D[d 4 x] = -4, (13.128) 

D[D^\ = 1, (13.129) 

D[rf\ = D[fj] = 1, (13.130) 

D[K] — D[L] — 2, (13.131) 

D[g] = -1, (13.132) 

Dfi!P +1 ^ l ] = D[S\=0. (13.133) 
Using these relations, we can prove that 

D[g] = 1, (13.134) 



113 



D[f] = -I. (13.135) 

Define virtual particle number N g of ghost field 77 is 1, and that of ghost field fj is 
-1, i.e. 

N g [rj\ = 1, (13.136) 

N g [fj] = -1. (13.137) 

The virtual particle number is a additive conserved quantity, so Lagrangian and 
action carry no virtual particle number, 

N g [S] = N g [C] = 0. (13.138) 

The virtual particle number N g of other fields and external sources are 

N g [C\ = N g [D^\ = 0, (13.139) 

N 9 [g] = 0, (13.140) 
N g [T) = 0, (13.141) 
N g [K] = -1, (13.142) 
N g [L] = -2. (13.143) 
Using all these relations, we can determine the virtual particle number N g of g and 

N g [g] = 1, (13.144) 

N g [f] = -1. (13.145) 

According to eq.(13.135) and eq.(13.145), we know that the dimensionality of /' is 
— 1 and its virtual particle number is also —1. Besides, /' must be a Lorentz scalar. 
Combine all these results, the only two possible solutions of fi[C,r),K£ — d^f] a ,L} 
in eq.(13.125) are 

(K-d»fja)CZ, (13.146) 

fj a L a . (13.147) 

The only possible solution of is C£. But in general gauge conditions, does not 
satisfy the conserved equation eq.(13.124). Therefore, the solution to f'[C, rj, fj, K, L] 
is linear combination of (13.146) and (13.147), i.e. 

f'[C,ri,fj,K,L] = j d 4 x[(3 N+1 (e)(K- d^fj a )C^ + j N+1 (e)fj a L a ] , (13.148) 
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where e = (4 — D), /3n + i(e) and / -f N+1 (e) are divergent parameters when e approaches 
zero. Then using the definition of g, we can obtain the following result, 

gf[C,r,,fj,K,L] = -^ +1 ( £ )/d 4 x[^C'-(a;) + ^^( a ;)-^D^] 

-7jv+i(£) jd A x 



(13.149) 

The solution to f[C] of eq.(13.118) which is constructed from pure gravitational 
gauge fields is the action S[C] of gauge fields. Therefore, the most general solution 



m 

N+l,div 



nf F L ~ ' is 

Ul -L M , i J„„, ID 



pim 

L N+l,div 



a N+1 (e)S[C] -fd*x [fiN+i&j^Cftx) + N+1 (e)^K£(x) 



(13.150) 



In fact, the action S[C] is a functional of pure gravitational gauge field. It 
also contains gravitational coupling constant g. So, we can denote it as S[C,g]. 
From eq.(5.50), eq.(5.59) and eq.(5.60), we can prove that the action S[C,g] has the 
following important properties, 



S[gC, l]=g 2 S[C,g]. 



;i3.i5i) 



Differentiate both sides of eq. (13.151) with respect to coupling constant g, we can 
get 

[13.152) 



s[CM = \j^ iS[C > 3] — 1 ~ dm9] 



It can be easily proved that 

= Jd 4 x [(&fjp(x))(drf(x))+fj a (x)&>T><forf(x)] , 

J^xczix)^ [JdV^vP^iAv)] 

= - / d*x [K^x)d^(x) - K£(x)T>^(x)] , 



(13.153) 



(13.154) 
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g§- g [Jd 4 xfj a (x)d^^(x)] 

= Jd 4 x [(d^(x))(dy(x))+U^T>^(x)} , 
g% [Jd^xK^x)T>^(x)} 

= -fd*x [K^x)d^ - K£(x)T>^} , 
gf g [Jd*x gL a (x)rf(x)(dfflf(x))] 



(13.155) 



(13.156) 



(13.157) 



= / d 4 x gL a (x)r] f3 (x)(dpr] a (x)), 
Using eqs. (13.153 - 13.154), eq.(13.104) and eq.(13.46), we can prove that 



X 



scfHxy 



C£(s) = fd*x^CZ(x) + fd*x[-(d»Ux))(d,ri a (x)) 



(13.158) 



Similarly, we can get, 
art 

-^(x)D^(x) - 5 L Q (x)77^(x)(^(x))] . 
Substitute eqs. (13. 158 -13.159) into eq.(13.152), we will get 

S[C,g] = \j ^J§^f» ~ \9j£ + I ^ {\gL a (x)^(x)(d^(x) 

(13.160) 

Substitute eq.(13.160) into eq.(13.150). we will get 



(13.159) 



N+l,div 



X 



j3 N+1 (e))C2(x) 



6C2(x) 



H^-lN +1 (e))L a (x)^ 



(13.161) 



+/3 N+1 {e)K£(x) 



"JV+i(g) n dr 
2 y dg 



On the other hand, we can prove the following relations 

Jd^rix)^ [Jd 4 y fiMWfa'iy)] = Jd 4 x fjpW&Bfa'ix), (13.162) 
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fd^ix)^ [jd'y K*{y)Tfaf{y)] = f d*x K^x)T^rf {x\ (13.163) 

fd^ix)^ [fd*y gLf>{y)rf{y){d a rf{y))] = 2 f d 4 x gL p (x)rf(x)(d a r^(x)), 

(13.164) 



+K^(x)T>^(x) + 2gL p {x)^{x){d a ^{x))} 
Substitute eqs.(13.162 - 13.164) into eq.(13.165), we will get 



(13.165) 



/ 



Eq.(13.166) times 7Af+1 2 /3iV+1 , then add up this results and eq.(13.161), we will get 

qjy+i(e) ar 

2 y % • 

(13.167) 

This is the most general form of div which satisfies Ward-Takahashi identities. 

According to minimal subtraction, the counterterm that cancel the divergent 
part of V^ +1 is just -^+i,divi that is 



.[N+l] ~[iV] 

N+l,div 



-^L div + o(h N+ % (13.168) 



where the term of o(h N+2 ) has no contribution to the divergences of (N + l)-loop 
diagrams. Suppose that f J^ 1 ' is the generating functional of regular vertex which 

~[JV+1] 

is calculated from S ■ It can be easily proved that 

r [N+l] _ r [N] p[N\ mifiQ^ 
1 N+l — 1 N+l 1 N+l,div- ^lO.luyj 



Using eq.(13.101), we can get 



= m hF . (13.170) 



rjv+i^ contains no divergence which is just what we expected. 
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~[JV+1] 

Now, let's try to determine the form of S ■ Denote the non-renormalized 
action of the system as 



S =S [C^fj a , V a ,K,L a ,g, 



a\ 



(13.171) 



As one of the inductive hypothesis, we suppose that the action of the system after 
h N order renormalization is 

S [C2,fja,r) a ,KZ,L a ,g,a] 

=S 0] [JW ] C*, 4W%, \fWV, \[W ] KZ, y/^L a , zjPg, zPa]. 

(13.172) 

Substitute eq(13.167) and eq.(13.172) into eq.(13.168), we obtain 



a 



x 



2 



/3jy+i(e)+7iv+i(e) 



+^^g^ + o(h N+2 ). 
Using eq.(13.104), we can prove that 

~[o] ~[o] 

[ d 4 xC"(x)-J^- = [ d 4 xC a (x)J^ + 2a S 
J ^ v J 6C«(x) J 



J d A xL a (x) 



ST 

5L a (x) 

ST 



[ d 4 xr] a (x)—^ 
J orj a (x) 

[ i4 at \ ^0 
/ d XT) (x 



Sr] a (x) 



SC-(x) 
d A xL a (x) 

d 4 Xfj a (x) 

J d A xrj a {x) 



5S 



da 

[0] 



8L a (xY 
S S 

Sfj a (x) ' 
„[0] 

s s 

5rj a {xY 



(13.173) 

(13.174) 

(13.175) 
(13.176) 
(13.177) 
(13.178) 
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«9r ds 

dg dg 

Using these relations, eq. (13.173) is changed into, 

AN+l] 



(13.179) 



x 



f ~[0] „[0] \ 



/ \ , . / ~[0] ~[0] ~[0] 

I /Jjy+i(£)+7iV+i(£) / ^a/^SS i_ ^ („\ SS , Ss 



[0] 



[o] 



_ 2( - fM _^ +l(£))a ^ + o( ^ + 2 ) 



1 2 "V 2 yn + L\^))^ g a 

(13.180) 

We can see that this relation has just the form of first order functional expansion. 

~[N+1] 

Using this relation, we can determine the form of S -It is 

~[iV+l] 

S [C^f} a ,r] a ,K^L a ,g,a} 



,[o] 



=S ' [y/Z^C^ y/z? + %, V^ + V, V^X^ V^"^' ^ v+ \, 

(13.181) 

where 



,[JV+1] 



,[AT+l] r 7 [N+l] rt 7 [N+1\ 



[N+l] 



?[N+1] 



z, 



JV+1 

[N+l] , / 



L=l 
N+l 



Pl(s) + 1l(s) 



N+l 



L=l 



a L (e) 



L=l 



Denote 



,[N+1] 



(13.182) 

(13.183) 
(13.184) 

(13.185) 
(13.186) 
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The eq.(13.181) is changed into 

~[JV+1] 

S [C^fj a ,r] a ,K^L a ,g,a} 

~[o] , fZ[N+T] /Cpv+TT fZ[N+T] , r . ri11 

=S [VZVmC°,\IZ fja,VZ v a ,VZ K»,Vz^L a ,zl N+1] g,Z^a]- 

(13.187) 

Using eq.(13.187), we can easily prove that 
r [N+1] [C^fja,V a ,K^L a ,g,a] 



^fz^c^ V i [JV+ %a, v z [iV+1 V, V i [JV+ V^, Vzi^iL a> zf + \ z^a 

(13.188) 



Now, we need to prove that all inductive hypotheses hold at L — N + 1. The 
main inductive hypotheses which is used in the above proof are the following three: 
when L = N, the following three hypotheses hold, 

1. the lowest divergence of f ^ appears in the (N + l)-loop diagram; 

2. T^l satisfies Ward-Takahashi identities eqs. (13.94-13.95); 

3. after h N th order renormalization, the action of the system has the form of 
eq.(13.172). 

First, let's see the first hypothesis. According to eq.(13.170), after introducing 
(N + l)th order counterterm, the (N + l)-loop diagram contribution of f ^ N+1 ^ is fi- 
nite. It means that the lowest order divergence of f 1 JV+1 1 appears in the (A^ + 2)-loop 
diagram. So, the first inductive hypothesis hold when L — N + 1. 

It is known that the non-renormalized generating functional of regular vertex 

m=m[C,fj,V,K,L,g,a] (13.189) 
satisfies Ward-Takahsshi identities eqs. (13.89-13.90). If we define 

r' = m[C',fj',v',K',L',g',a',}, (13.190) 
then, it must satisfy the following Ward-Takahashi identities 

^smrrA (13191) 
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/ 



Set, 



sr 5V sr 

\5K'£(x) 5Cf{x) + 6L> a (x) 5i a {x) 



= 0. 



~[JV+1] 

Z 



Jet 



~[JV+1] 



~[AT+1]_ 



9' = zn, 



a 



In this case, we have 



r = ri°i 



_ /~[JV+1] /~[JV+1] 



Then eq.(13.191) is changed into 



1 ^+1] 



_ 1 ^f[ jV + 1 ] 

Because , ==j does not vanish, the above equation gives out 



5K£(x) 5r) a (x) 



Eq. (13.192) gives out 



/ 



d*x 



1 



( 5f[ iV+1 Uf[ JV+1 ] ,5r[ Ar+1 Ur[ Ar+1 ] 
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Because 



1 



does not vanish, we can obtain 



£f [JV+l] fif* [JV+1] [AM 



(13.204) 



Eq. (13.202) and eq. (13.204) are just the Ward-Takahashi identities for L = iV + 1. 
Therefore, the second inductive hypothesis holds when L = N + 1. 

The third inductive hypothesis has already been proved which is shown in eq.(13.187). 
Therefore, all three inductive hypothesis hold when L — N+ 1. According to induc- 
tive principle, they will hold when L is an arbitrary non-negative number, especially 
they hold when L approaches infinity. 

In above discussions, we have proved that, if we suppose that when L = N 
eq.(13.172) holds, then it also holds when L — N + 1. According to inductive 
principle, we know that eq. (13.187 - 13.188) hold for any positive integer N, that is 



S[C$,ri a ,rf,K£,L a ,g,a\ 



-s 



4ZC% yzfj a , \/Zv a , yZK£, VZL Q , Z g g, Za 



13.205) 



T[C«,n«,v a ,K,La,g,a] 



f[0] 



where 



VZC«, \/Zr] a , \/Zv a , VZK£, VZL a , Z g g, Za 

a L (e) 



^[Z= hm VzW] = i-Y r. 

L=l v 



Z= hm V Z 

N— >oo 



L=l 



Z g ^ hm ^f = l + E 



a L (e) 



(13.206) 

(13.207) 
(13.208) 
(13.209) 



L=l 



S [C",f] ol ,ri a ,K£,L ol ,g,a} and f [C°, fj a , f] a , K£, L a , g, a] are renormalized action 
and generating functional of regular vertex. The generating functional of regular 
vertex f contains no divergence. All kinds of vertex that generated from f are 
finite. From eq. (13.205) and eq. (13.206), we can see that we only introduce three 
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known parameters which are yZ, y Z and Z g . Therefore, quantum gauge general 
relativity is a renormalizable theory. 

From eq.(13.206) and eqs. (13.89 - 13.90), we can deduce that the renormalized 
generating functional of regular vertex satisfies Ward-Takahashi identities, 

SK£(x) 5r) a (x) 



ST ST ST ST 



= 0. (13.211) 



8K£{x) SC£{x) SL a {x) Sr] a {x) 

It means that the renormalized theory has the structure of gauge symmetry. If we 
define 



= Vzc«, 


(13.212) 




(13.213) 


fjoa = y/Zfj a , 


(13.214) 


= v^ic 


(13.215) 


L 0a = y^ZL a , 


(13.216) 


9o = Z g g, 


(13.217) 


«o — Za. 


(13.218) 



Therefore, eqs. (13.205 - 13.206) are changed into 

S [C«,n*,V a ,KZ,L«,g,a} =S° ] [C^,fjo a ,Vo,^ a ,L 0a ,g ,a }, (13.219) 

r[C° fja, V°, K, L a , g, a] = f M [C« , fjoa, Vo, *L L 0a , 9o, a ]. (13.220) 

Cq^, f/oa and t/q are renormalized wave function, K$ a and L 0a are renormalized ex- 
ternal sources, and g is the renormalized gravitational coupling constant. 

The action S which is given by eq. (13.219) is invariant under the following gen- 
eralized BRST transformations, 

SC^ = -D^ pr fiS\, (13.221) 

5Vo = <M7o («)5A, (13.222) 

Sfj 0a = —VapfgSX, (13.223) 
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8rT = 0, (13.224) 

where, 

Do^ = #1% - + a>(fycsy » ( 13 - 225 ) 

fo = ^C^. (13.226) 

Therefore, the normalized action has generalized BRST symmetry, which means 
that the normalized theory has the structure of gauge theory. 



14 Classical Tests of Quantum Gauge general Rel- 
ativity 

In the above chapters, the quantum gravity is formulated in the traditional frame- 
work of quantum field theory, i.e., the physical space-time is always flat and the 
space-time metric is always selected to be the Minkowski metric. In this picture, 
gravity is treated as physical interactions in flat physical space-time. Our gravita- 
tional gauge transformation does not act on physical space-time coordinates, but act 
on physical fields, so gravitational gauge transformation does not affect the struc- 
ture of physical space-time. This is the physics picture of gravity. 

According to above discussions, there is another picture of gravity which is widely 
used in Einstein's general relativity, i.e., the geometrical picture of gravity. For grav- 
itational gauge theory, if we treat ( or G~ 1 ^ ) as a fundamental physical input 
of the theory, we can also set up the geometrical picture of gravity [46]. For gravita- 
tional gauge theory, the geometrical nature of gravity essentially originates from the 
geometrical nature of the gravitational gauge transformation. In the geometrical 
picture of gravity, gravity is not treated as a kind of physical interactions, but is 
treated as the geometry of space-time. So, there is no physical gravitational interac- 
tions in space-time and space-time is curved if gravitational field does not vanish. In 
this case, the space-time metric is not Minkowski metric, but g a/3 (or g a p). In other 
words, Minkowski metric is the space-time metric if we discuss gravity in physics 
picture of gravity while metric tensor g a/3 ( or g a p) is space-time metric if we discuss 
gravity in geometrical picture of gravity. So, if we use Minkowski metric in our 
discussion, it means that we are in physics picture of gravity; if we use metric tensor 
gap ( or j n our discussion, it means that we are in geometrical picture of gravity. 

In one picture, gravity is treated as physical interactions, while in another pic- 
ture, gravity is treated as geometry of space-time. But we know that there is only 
one physics for gravity, so two pictures of gravity must be equivalent. This equiva- 
lence means that the nature of gravity is physics-geometry duality, i.e., gravity is a 
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kind of physical interactions which has the characteristics of geometry; it is also a 
geometry of space-time which is essentially a kind of physical interactions. 



When we discuss quantization and renormalization of quantum gauge general 
relativity, it is better to perform all discussions in physics picture of gravity; but 
when we discuss classical effects of gravity, it's convenient for us to perform our dis- 
cussions in geometrical picture of gravity. In this chapter, we will discuss classical 
tests of gravity and our discussions are in geometrical picture of gravity. 

In quantum gauge general relativity, the field equation of gravitational gauge 
field is the same as that of the Einstein's field equation. It is known that, the 
Einstein's field equation for empty space has Schwarzschild solution, it is expected 
that the field equation of gravitational gauge field in empty space should also have 
Schwarzschild solution. In spherical coordinate system (t,r,0,(f>), the simplest form 
of gravitational gauge field which has spherical symmetry is 



V 



We can prove that, when we select 

gu{r) 

gv{r) -- 



(r) 








\ 





v(r) 































1 - 




1 





(14.1) 



2GM 



2GM 



14.2) 



14.3) 



gravitational gauge field given by (14.1) is just the solution of field equation 
(5.74) for pure gravitational gauge field. (14.1) is just the Schwarzschild solution in 
quantum gauge general relativity. Using relation (5.20), we can get 



9a/3 - 



\ 



I i 2GM 

r 











1 





1 iOM 





r 
















\ 




r 2 sm 2 9 / 



(14.4) 



which is the standard Schwarzschild solution in general relativity. We can easily 
check that (14.4) is the solution to the field equation (5.97) when T alS vanishes. 



As we have stated above, in the geometrical picture of gravity, gravity is not 
treated as physical interactions in space-time. In the geometrical picture of gravity, 
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if there is no other physical interactions in space time, any mass point can not feel 
any physical forces when it moves in space-time. So, it must move along the curve 
which has the least length. Suppose that a particle is moving from point A to point 
B along a curve. Define 




dx^ dx u , 

Tba= I \l~9^^p, (14.5) 

where p is a parameter that describe the orbit. The real curve that the particle 
moving along corresponds to the minimum of Tab- The minimum of Tab gives out 
the following geodesic curve equation 

d 2 x fl dx v dx x 

where is the affine connection defined by equation (5.33). Eq.(14.6) gives out 
the curve that a free particle moves along in curved space-time if we discuss physics 
in the geometrical picture of gravity. 

Combine Schwarzschild solution (14.4) with the geodesic curve equation (14.6), 
theoretical predictions on classical tests of gravity can be obtained. Details on this 
calculation can be found in literature [43, 44] and many other standard textbook on 
general relativity. Here, I only list the final results. For the deflection of light by 
sun, the theoretical prediction is 

A V = , 14.7 

r 

where M is the mass of the sun and r is the distance of closest approach to the 
sun. For the procession of perihelia, the theoretical prediction is 

6nGM 

Ay? = (14.8) 

where L is the semilatus rectum. For the time delay of radar echo, the theoretical 
prediction is 

(At) max ~ AGM |l + In } , (14.9) 

where r\ and r 2 are the distances from the center of the sun to the radar antenna on 
earth, and the point on Mercury's surface closest to the earth, and R Q is the radius 
of the sun. 
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For the precession of orbiting gyroscope, quantum gauge general relativity should 
also give out the same theoretical predictions as that of Einstein's general relativ- 
ity. In fact, quantum gauge general relativity and Einstein's general relativity should 
have the same classical effects of gravitational interactions, and they should give out 
the same theoretical predictions on any phenomenon which belongs to the classical 
effects of gravitational interactions, they have the same post-Newtonian approxima- 
tion. 

Robertson- Walker metric is a solution of Einstein's field equation, so it is also 
the solution of the field equation of gravitational gauge field in quantum gauge gen- 
eral relativity. It is known that, in general relativity, the cosmological model is 
dominated by classical gravitational interactions. Because quantum gauge general 
relativity has the fundamental laws of classical gravitational interactions as those of 
general relativity, so it will give out the same cosmological model as that of general 
relativity. All traditional calculations on cosmological model can be copied to the 
present model without any changes on the final results. 



15 Quantum Effects of Gravitational Interactions 



Quantum gauge general relativity can not only explain classical effects of gravita- 
tional interactions, but also explain quantum effects of gravitational interactions. 
Up to now, we know that there are two quantum effects of gravitational interactions 
which had already been detected by experiments, that is, gravitational phase effects 
and gravitational shielding effects. In this chapter, we will discuss these two effects. 

First, let's discuss gravitational phase effects. According to above discussions, 
the equation of motion of a Dirac particle in gravitational field is 



If electromagnetic interactions are considered, this equation of motion will be changed 
into 



(7^ + m)ij = 0. 



(15.1) 



[7 M OD M -*e^)+77# = 0. 



(15.2) 



Its non-relativistic limit gives out 





(15.3) 
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where 

Ei = F 0l = E«P a , (15.5) 
E ei = A 0i , (15.6) 

Bi = —-SijkFjk = B^Pa, (15.7) 

B e i = —-EijkAj k . (15.8) 

In equation (15.3), the term mgCQ gives out the gravitational phase effects detected 
by COW experiments [36, 37, 38]. For COW experiments, the phase difference given 
this term is 

AnXgm 2 



-L z t&n9 



sina, (15.9) 



h 2 

where A is the wave length, g gravitational acceleration, m is the mass of test par- 
ticle (for COW experiments, m is the mass of neutron), 2L is the distance between 
the first and the last crystal plate, 9 is the Bragg angle of the crystal and a is the 
angle between the neutron interferometer and the horizontal plane. This result is 
strictly confirmed by COW experiments [36, 37, 38]. 

Another quantum effect of gravitational interactions is gravitational shielding ef- 
fects which is first detected by E.E.Podkletnov and R.Nieminen in 1992. In Podklet- 
nov experiments, a specially made ceramic superconductor with composite structure 
has revealed weak shielding properties against gravitational force. From the point 
of view of quantum gauge theory of gravity, the nature of gravitational shielding 
effects is exponentially decreasing of gravitational field in inhomogeneous vacuum 
of scalar field after spontaneous symmetry breaking[42]. 

In gauge theory of gravity, the lagrangian that describes the gravitational gauge 
interactions of complex scalar field is 

Co = -r u (D^)(D u( t>)*-V(<f>) 
-^rt^g^F^ 



— l ri wC^ lv G^ la F a F 13 
g // (jp (j a r ^ v r pcr 

where V{4>) is the potential of scalar field 



15.10) 



V^) = \A<P\ 2 + \\<P\\ (A>0). (15.11) 
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The full Lagrangian of the system is 

C = J{C) ■ C , 



(15.12) 



When jj 2 < 0, the origin = will become a local maximum and the symmetry 
of the system will be spontaneously broken. After symmetry breaking, the physical 
vacuum moves to O 




(15.13) 



0o is the vacuum of the complex scalar field, generally speaking, it is required that 
0o is even distributed in microscopic scale, so that there is no quantum excitation, 
otherwise 0o is not a classical state, but a quantum state. But on the other hand, 
1 0o | 2 represents Cooper pairs density in superconductor, and generally speaking, 
Cooper pairs density is not a constant in macroscopic scale, so 0o can not be a 
constant in macroscopic scale. So, in this paper, our basic hypothesis on the physical 
vacuum O is that it is a classical state, it is even distributed or a constant in 
microscopic scale and it is a function of space-time coordinates in macroscopic scale. 
In a word, 

0o = 0o(a:). (15.14) 

0o is a classical state, it has no quantum excitation, though it is space-time depen- 
dent. After symmetry breaking, the scalar field becomes 

0(x) = <p(x) + O . (15.15) 

<p(x) is the quantum scalar field after symmetry breaking, which represents the small 
perturbations around physical vacuum O . 



After symmetry breaking, lagrangian becomes 

-7r(L> M 0o)(A,0o)* - V(<p) - ^^g a pF- v F^ (15.16) 
where V((p) is the potential of scalar field 
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There are two important properties which could be seen from the above lagrangian. 
Firstly, when the vacuum O is space-time dependent, it can directly couple to quan- 
tum field ip. In other words, in the place where <9^0o does not vanish, vacuum state 
0o can directly excite quantum scalar state, so it can be considered to be an external 
source of scalar field. Secondly, when the vacuum O is space-time dependent, it will 
couple to gravitational gauge field. But this interaction is completely in the classical 
level. In other words, it is also an external source of gravitational gauge field. 

The field equation of gravitational gauge field in the superconductor is 

U H\ 4'/ '/ ya/3 r pa 4'/ r pa T 4 '/ pa 

(15.18) 

where Tg a is the gravitational energy-momentum tensor 

dCp a /nry9 , (~i-lu r /nr-lA/o n&\ 9 Co 

-iv Xp V u °dp(g a ^ x Fp - \v up dp(C° x G-^Fp + ^d^G'^Fp 

+r 9 V Xp d,[(G-^G-^ x - <5j§«)F£] 

-T 9 r) Xp d»[(G-^G-^G» - PJ$%)Fg,] 

-\t p G-^G-^G-^F^F~L + \Tf p G-^G-^G-^F%Fl x 
-\v pp V X °9a~ t G^F^F; x . 

(15.19) 

In fact, when we deduce the field equation of gravitational gauge field from least 
action principle, the original field equation that we obtained is 

AC) ■ d, {\v^V ua 9apF^ - \rf<>F» a 

(15.20) 

+b w F^ a -lv^ a F^ + ^5^j = -gJ(C)T^ 

Because J{C) does not vanish, we can be eliminate it from the above equation to 
obtain the field equation eq.(15.18). Now, in order to obtain correct gravitational 
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shielding effects, we need to start our discussions directly from eq. (15.20), which can 
be changed into another form 

d, (iv^g^i - \ V »»F» a + \ V wF; a - \^ P KF% + \rfW a F% 
= -gJ(C)T» a + (1 - J(C))0„ {^ p V ua 9apF p i - \^PFj} a + \^F; a 

2'l °a r pj3 ^2" °a r pj3 

(15.21) 

The equation of motion of complex scalar field is 

-^{d,G^)DM - g^G-^{D^)D^ 

-grj^G~ lK (D lx C^)D 1/ (f) - ±<p*(<p + O ) 2 - § y? 2 ^. 

(15.22) 

This field equation can be changed into another form 

rTd^ ~y)^ = -^D p DM-V Xu {d,G^)DM-9^G- 1 \D ll C a K )DM + - • • • 

(15.23) 

From the right hand side of the above equation, we can see that when the vacuum 
of the complex scalar field is not a constant, it will become source of quantum scalar 
field ip. In other words, inhomogeneous vacuum will excite quantum states. 

After some complicated calculations, the field equation (15.21) can be changed 
into the following form 

dp (iv^gapFP, - \r} up Fj? a + \ V ^F; a - \^^F% + 

= -gK + g 2 KK + ---, 

(15.24) 

where 

K = ^[-^ A (^o)(9 A 0S) + fx] 

(15.25) 

+rT(d lt <i> )(d a <j>* ) +rr(PM(dM, 
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From above expressions, all terms in N£ and M^p are classical quantities, so N£ 
and M^p themselves are classical quantities. Therefore, the first two terms of the 
right hand side of eq. (15.24) do not represent interaction terms. The first term 
is the source of gravity in superconductor, and the second term is mass term of 
gravitational gauge field. In fact, from eq. (15.25), we can see that N£ is just the 
energy-momentum tensor of the vacuum of complex scalar field, which is the source 
of gravitational gauge field. But, because the coupling constant of gravitational 
interactions is extremely small and the total energy in a superconductor is finite, 
the magnitude of total gravitational gauge field generated by energy-momentum of 
the superconductor is many orders smaller than that of the gravitational gauge field 
generated by the earth. In experiments, we can neglect the gravity generated by the 
superconductor itself. So, N£ has no contribution to gravitational shielding effects. 
We neglect this term for the moment. 

Let's turn to the second term of the right hand side of eq. (15.24). It is a mass 
term, but it is not a constant mass term, so it is a variable mass term or local 
mass term. At different positions, M^j has different values. It is known that, in 
vacuum space, graviton is massless and gravitational force are long range force. 
But in superconductor, gravitational gauge field obtain a small mass term, so in 
superconductor, gravitational force decreased exponentially, which is the nature of 
gravitational shielding effects. 

Selecting harmonic gauge (11.3), equation (15.24) can be changed into 

\v ua Va^d^ + \d»d»C: - \5 v a d^d,Cl = JMQC* + ■■■. (15.27) 

For earth's gravitational gauge field, in post-Nowtonian approximation, we have the 
following leading order results 

9 c° = e = 

(15.28) 

gC) = -<5}0 e , 

where e is the gravitational potential generated by earth. For Podkletnov exper- 
iments, the dominant component of earth's gravitational gauge field is C®, which 
corresponds to classical Newton's gravity. So, in order to explain gravitational 
shielding effects quantitatively, we need to study the propagation of gravitational 
gauge field Cq in superconductor. For earth's gravitational field C", it is static, 
so we can set all time derivative of to zero. From field equation (15.27), the 
following field equation can be obtained 

V 2 e = g 2 (M™ - M o °*)0 e , (15.29) 
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where 

M o ° o o = 2|V0 o r + 2\/(0o), (15.30) 
<; = |V0o| 2 -|0 o | 2 + ^(0o), (15.31) 

M ° ° - M °; = |V0 O | 2 + I 0o I 2 + Vfa), (15.32) 

and the contribution from Nq is neglected. Now, the mass term becomes very simple 
form. In ordinary superconductor, the Cooper pair density is almost a constant and 
space gradient of 0o is almost zero. In this case, 



<° = V(<j> ) = (15.33) 
After omitting contribution from N$, the field equation (15.29) becomes 

V 2 0e = -^0e- (15.34) 

Selecting spherical coordinate system. For the earth's gravitational field, e is ap- 
proximately a function of r coordinate. In this case, the general solution of eq. 
(15.34) is 



4 




r ) ) +%in|y^(r-r ) ) , (15.35) 
where r is the position of the lower surface of superconductor. Generally speaking, 

2 4 

is a extremely small quantity, in a small region of ordinary superconductor, we 

have 

e (r) » ^. (15.36) 

That is, ordinary superconductor almost have no effects on earth's gravitational 
field, or it shows no gravitational shielding effects. But for Podkletnov experiment, 

0o is not a constant, |V0 O | 2 and | O | 2 are many orders larger than 2V((f) ), so the 

dominant contribution of Mqq is | V0o| 2 + | O 1 2 and it becomes a positive quantity. 

In this case, | V0o| 2 + | 0o | 2 is not a constant. Denote g 2 (MgQ — Mq\) by m 2 

m 2 = g 2 (M™ - M *) = g 2 (jV0 o | 2 + | O | 2 ) , (15.37) 

and omit the influence from Nq, then the above field equation (15.27) becomes 

V 2 e = m 2 e . (15.38) 
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The general solution of the above equation is 

g-m s (i — ro) e m 9( r - r o) 

Mr)=ci + c 2 . (15.39) 

r r 

In Podkletnov experiment, c 2 vanishes and earth's gravitational field decrease expo- 
nentially 

-m g (r-r ) 

Mr) =ci . (15.40) 

That is, the earth's gravitational field decrease exponentially in inhomogeneous su- 
perconductor. Suppose that the thickness of the gravitational shielding region is 
Aro and m g denotes the average value of the mass of graviton in this region, then 
the relative gravity loss in the upper surface of the superconducting disk is 

e a* m g Ar . (15.41) 



The Newton's gravitational constant is 

G = £, (15.42) 

so 

m2 = 47rG'(|V0o| 2 + |0ol 2 )- (15.43) 

Obviously, increase space gradient or un-stability of O wm increase m g , and there- 
fore increase gravitational shielding effects. According to this spirit, the key struc- 
ture of the ceramic superconductor disk in Podkletnov experiment is that is has 
three zones with different crystal structure and the gravitational shielding effects 
mainly come from the transition part of the disk, which is consists of randomly 
oriented grains with typical sizes between 5 and 15 jim. The key step in the experi- 
ment is the rotation of the disk and strong disturbance from outside high frequency 
magnetic field. In the experiment, the upper layer of the disk is superconducting, 
while the lower layer is not. There is a transition region between the tow layers. 
The upper part of the transition region is partially in superconducting, some part of 
the transition region is critical, while the lower part of the transition region is not 
superconducting. Because of the granular structure of the lower part, the Cooper 
pair density is strongly inhomogeneous, the supercurrent is strongly unstable and 
the space gradient of 0o will be large. The supercurrent is disturbed by a high 
frequency magnetic field, which will increase the time derivative of 0o- A rough 
estimation shows that the present model can semi- quantitatively explain the gravi- 
tational shielding effects in Podkletnov experiments [42]. 
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16 Discussions 



In this paper, a renormalizable quantum gauge general relativity is formulated in 
the framework of quantum gauge theory of gravity, where gravity is treated as a 
kind of physical interactions and space-time is always kept flat. This treatment 
satisfies the fundamental spirit of traditional quantum field theory, and go along 
this way, four different kinds of fundamental interactions can be unified on the same 
fundamental baseline[31, 32, 33]. The most advantage of this approach is that the 
renormalizability of the quantum gravity is easy to be proved. Its transcendental 
foundation is gauge principle, not equivalence principle and the principle of general 
covariance. Gravitational gauge interactions is determined by gauge symmetry. In 
other words, the Lagrangian of the system is determined by gauge symmetry. Using 
the langurage of Cartan tetrad, we set up the geometrical formulation of this new 
quantum gauge general relativity and to study its geometrical foundation. So, grav- 
ity theory has both physical picture and geometrical picture, which is the reflection 
of the physics-geometry duality of gravity. Finally, we give a simple summary to the 
whole theory. 

1. In leading order approximation, the quantum gauge general relativity gives 
out classical Newton's theory of gravity. 

2. In quantum gauge general relativity, the field equation of the gravitational 
gauge field is just the Einstein's field equation. In classical level, gauge general 
relativity is the same as that of the Einstein's general relativity. 

3. For classical tests of gravity, such as the gravitational red-shift, the perihelion 
procession, deflection of light, time delay of radar echo and the procession 
of a gyroscope, the gauge general relativity gives out the same theoretical 
predictions as that of the Einstein's general relativity. It also gives out the 
same cosmological model as that of the Einstein's general relativity. 

4. quantum gauge general relativity is a perturbatively renormalizable quantum 
gravity. 

5. Four different kinds of fundamental interactions can be easily unified in a 
simple and beautiful way in quantum gauge general relativity. 

6. Quantum gauge general relativity can also explain quantum effects of gravita- 
tional interactions, such as gravitational phase effects and gravitational shield- 
ing effects. 
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